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ABSTRACT
The scatter ing of electrons by hydrogen atoms at intermediate  
energy range, where the problem is d i f f i c u l t  due to electron atom 
corre la t ions ,  is investigated.  Al l  possible processes of e la s t ic  
scat ter ing ,  exc i ta t ion  and ioniza t ion are considered.
A s im pl i f ied  model is considered in which a l l  terms involving  
non-zero angular momenta are neglected.  E la s t ic  scattering and 
exc i ta t ion  cross-sections for the 2s and 3s states are calculated for  
th is  model with the use of close-coupling expansion with four  
pseudostate bases of rather d i f fe re n t  character.  Pseudothreshold 
structure is observed for states and removed with a T-matrix
f i t t i n g  procedure. I t  is found t h a t ,  a f te r  removal of th is
s tructure ,  the results  agree quite  well with each other and with the
exact results  for  th is  model which were -given previously by Poet. 
The same is t rue  for  the S s ta te  resu lts  which exh ib i t  no
pseudoresonances.
The to ta l  cross-section ( inc lus ive  of a l l  scat ter ing)  is
calculated as a function of energy for the same model. In the *S
s ta te ,  for which the short range corre la t ion  between the electrons is
important,  the two-body Schroedinger equation is integrated
numerically,  and the opt ica l  theorem is used to determine the to ta l  
cross-section.  The problem of numerical i n s t a b i l i t y  is substant ia l ly  
a l le v ia te d  by using an e x p l ic i t y  orthogonalized set of ta rget wave- 
functions.  The results  agree rather well with those obtained from 
a l l  four pseudostate bases sets.  High and low bounds are given for
the ion izat ion  cross-section,  and these are compared with estimates 
of ion izat ion  obtained from a pseudostate expansion.
O
The to ta l  cross-sections for the S sta te  are calculated for the 
four bases sets using optical  theorem with a remarkably good 
agreement amongst each other.  At low energies, most of the 
scatter ing is found to occur in the e la s t ic  channel; the reason for  
which can be traced back to the Pauli exclusion p r in c ip le .  The 
di fferences,  which are not large,  in the ion izat ion  cross-sections  
with d i f fe re n t  basis sets indicate the extent of the completeness of 
the basis sets.
Cross-sections for the ionizat ion of hydrogen atoms by electron  
impact in the real  problem have been computed using -a projection  




The scatter ing  of charged p ar t ic le s  from various systems has
been an important tool  in studying inte ractions and structures.  
Rutherford's work on the scatter ing of alpha p ar t ic le s  by atomic 
nuclei is a c lassic  example. One can learn about the nuclear 
structure  and forces by nucleon scatter ing from nuc le i .  High energy
electron scatter ing  by nuclei reveals information on the charge
d is t r ib u t io n  of nuc le i .  Unl ike scatter ing  involving nuclear 
p a r t ic le s ,  in the case of scatter ing of charged p ar t ic le s  by atomic 
systems the in te rac t ions ,  being Coulombic in nature, are well  
known. But the problem, being many-body in nature,  can not be solved 
exactly and one seeks approximations which embody the essential  
physics or at least as much of i t  as possible.  Because d i f fe re n t
features of in te ractions are dominant at d i f f e re n t  incident energies,  
no single approximation method may be found useful ly  r e l i a b le  over 
e n t i re  energy range. The cross-sections for  electron-atom and 
electron-ion  scatter ing are input data to the calculat ions of a 
number of in te res t ing  physical processes such as the diagnostic study 
of laboratory and astrophysical  plasmas and k in e t ic  processes in 
gases. For scatter ing  information concerning many atomic species,  
p a r t ic u la r ly  highly stripped ions, due to experimental d i f f i c u l t i e s ,  
one has recourse only to calculat ions.
For a number of reasons the calculat ion of cross-sections for  
electron scatter ing  by hydrogen atoms provides a good tes t  of
1
2
calculat ional  c a p a b i l i t y .  F i r s t  of a l l ,  i t  is the simplest system 
comprising of a to ta l  of three p a r t ic le s .  Since the exact wave- 
functions for the ta rge t  system are known, one does not have an 
addit ional  complication of j u s t i f y in g  how good the approximate wave- 
functions are. With increasing incident energy, there are in e la s t ic  
processes of e xc i ta t ion  and ion iza t ion ,  competing with e la s t ic  
sca t ter ing .  But in scatter ing  with other atoms there are many other 
processes such as charge t ransfer  , d ie lec tron ic  recombination,  
mult ip le  e x c i ta t io n ,  mul t ip le  io n iza t ion ,  e tc .  The degeneracies in 
the bound states of atomic hydrogen give r ise  to a long-range 
a t t r a c t i v e  potent ia l  which can support r ich and complex resonance 
structure .  In te res t in g  threshold structure is expected at the 
opening of a new threshold of excited s ta te .  Above the threshold for  
ion izat ion  one has an i n f i n i t e  number of open channels and in 
addit ion ,  the strong correlat ions between electrons in the ion izat ion  
process give r ise  to anomalous threshold law of Wannier.
Let us b r ie f l y  discuss what we know about various processes in 
electron hydrogen scatter ing  at d i f fe re n t  incident energies.  At an 
incident energy below 10.2 eV, where the f i r s t  excited state  resides,  
one has the p o s s ib i l i ty  of e la s t ic  scatter ing only. Due to bounds on 
phase-shifts using var ia t iona l  p r ic ip le s ,  almost exact cross-sections  
have been calculated.  As a matter of f a c t ,  the e la s t ic  scatter ing of 
electrons by hydrogen atoms is determined to within a few percent of 
experiments in the e n t i re  energy range*. The s i tuat ion  quickly 
changes when the energy is increased above the f i r s t  exc i ta t ion  
threshold.  Let us divide the energy range above the f i r s t  exc i ta t ion  
threshold into two and label them intermediate energy range and high
3
energy range, intermediate energy extending upto a few times the 
ion izat ion  energy. The problem of electron-hydrogen scatter ing is 
most d i f f i c u l t  in the intermediate energy range. The calculated  
exc i ta t ion  cross-sections to the f i r s t  excited state are determined 
to about 20% accuracy. For exc ita t ions  to other low lying states 
from the ground state  or from other excited sta tes,  very l i t t l e  is 
known. There are,  of course, no experimental results  here. Only the
O
high energy method of the Born approximation is applied which is not
3
expected to be r e l i a b le  in th is  energy range. Callaway and McDowell 
have surveyed the defic ienc ies in our current knowledge for  
t rans i t io ns  amongst lower sta tes.  For t rans i t io ns  amongst higher 
states,  cal led Rydberg sta tes,  even Born approximation calculat ions  
are d i f f i c u l t .  Classical  scatter ing calculat ions have been attempted 
for such states^.  Further ,  the phenomenon of ionizat ion is poorly 
understood. Some progress has been made in explaining the threshold 
behavior^ for  the ion izat ion  process with some controversy 
surrounding i t .  Computation of numerical cross-sections for  
ion izat ion  which can explain the observed results  has been a 
challenging task and the progress is rather slow -  in part  due to 
weaknesses in the theory of ion izat ion  . Current theory does not 
specify uniquely the e f fe c t iv e  charges as perceived by the outgoing 
electrons and there are questions of a fundamental nature in 
expressing the correlated wave-function to describe the two outgoing 
p ar t ic les ^ .  At high energy, the Born approximation and the Glauber 
approximation methods have been found to describe most processes
Q
adequately . Resonances require special a t ten t ion .  In cross-section  
calcu lat ions ,  as in experiments, one has to use a f ine  mesh of energy
4
to resolve the parameters of the resonance. Some success has been 
achieved. So-cal led d i rec t  techniques have been developed wherein
resonance parameters are obtained; however, these techniques do not
Q
provide the cross-section values . So, a l l - i n - a l l ,  one f inds that  
the scatter ing at intermediate energy requires a great deal of 
a t ten t io n .  Many of the d i f f i c u l t i e s  discussed here for e lec tron-  
hydrogen scatter ing are also encountered in electron-atom, e lectron-  
ion and electron-molecule scatter ing apart from other complications 
involved. Some recent review a r t ic le s  are suggested to the reader
for a f lavor  of the current state of the art''-®. I remark at th is
point tha t  due to the a v a i l a b i l i t y  of large computers, i t  has become 
increasingly possible to tes t  numerically some of the conjectures 
involved in the approximate schemes. This has resulted in 
s ig n i f ic a n t  progress in the last  couple of decades.
The method of pseudostate expansions has been successful in the 
low-energy range. In the present work we apply the pseudostate 
expansion method to the problem of electron-hydrogen atom scatter ing  
in the intermediate energy range. A q u a l i t a t iv e  and b r ie f  outl ine  is 
presented below.
I t  has been known for many years that a straightforward close 
coupling expansion in which only bound atomic states are included 
does not y ie l d  accurate cross sections fo r  the scatter ing  of 
electrons by hydrogen and helium atoms. The d i f f i c u l t y  is the 
neglect of contr ibutions from continuum sta tes .  The results  for
hydrogen are greatly improved i f  some square integrab le  functions 
(pseudostates) are added to  the expansion, which, although not exact 
eigenfunctions of the ta rg e t ,  enable an approximate inclusion of
5
continuum contr ibutions . 11
However, the introduction of pseudostates leads to a problem: 
Unphysical structure in the cross section may be produced in the 
neighborhood of the thresholds for  the exc i ta t ion  of the
1 O
pseudostates. This problem was noted by Burke and Mi tchel l  . They
considered a simple model of electron-hydrogen scatter ing (the same
as is used here) ,  and found that rather broad structure ,  described as
pseudoresonances were produced when pseudostates were introduced into
the expansion. Since th is  structure can extend over a r e la t i v e ly
large range of energies (0.5 to 1 Ry), i t  is apparent that caution is
required when pseudostates are used in r e a l i s t i c  ca lcu la t ions .  To
some extent ,  i t  is  possible to a l l e v ia t e  th is  problem by using
1 ^d i f fe re n t  pseudostate bases in d i f fe re n t  ranges of energy, but th is  
procedure is unpleasant because of uncerta int ies  concerning the width 
of the resonances in the d i f fe re n t  sets,  and because the sets 
represent the continuum in d i f fe re n t  ways. Recently,  other methods 
of removing pseudo resonance structure from results obtained with a 
given pseudostate basis have been considered, and seem to produce 
substantial  improvements1^’ 15. The basic theory of pseudostate 
expansions, a deta i led  account of i t s  o r ig in ,  problems associated 
with pseudostates, various procedures to remove the spurious effects  
of pseudoresonance and the pr inciples of construction of pseudostates 
are given in the next chapter.
In the meantime, essent ia l ly  exact results  for  the model of
12electron hydrogen scatter ing considered by Burke and Mi tchel l  have 
been obtained by Poet15a in a range up to 2 Ry. above the ionizat ion  
threshold.  These results  enable an estimation of the accuracy
6
obtained from d i f fe r e n t  pseudostate expansions, and of the methods 
for removal of pseudo threshold structure .  Such an investigation is 
reported in chapter I I I .  We have considered four d i f fe re n t  
pseudostate expansions applied to the model. In b r i e f ,  we f ind th a t ,  
a f te r  the threshold structure  is removed, reasonably accurate e la s t ic  
scatter ing and exc i ta t ion  cross sections (errors less than 3% for
e la s t ic  sca tter ing for a l l  bases and less than 8 % for exc i ta t ion  for
three out of four cases) are obtained. I f  th is  standard of accuracy 
can be maintained in the f u l l  electron-hydrogen problem, i t  should be 
possible to improve the comparison between theory and experiment for  
processes such as 2 s exc i ta t io n ,  where uncerta int ies  of the order of 
2 0 % s t i l l  exist '* .
We believe that our e la s t ic  scatter ing results  are very accurate
which gives us a certa in  amount of confidence in the S-matrix
elements. With the use of the optical  theorem, we obtain the to ta l
1 Rcross-section (e la s t ic  plus in e la s t ic )  from the real part of . 
From the to ta l  cross-section we subtract the cross-sections for  
e la s t ic  scatter ing and a l l  exc ita t ions  to bound states to obtain the
ion iza t ion  cross-sections.  We extract the exc i ta t ion  cross-sections
to a l l  bound states from the exc i ta t ion  cross-section of pseudostates 
by projecting  the pseudostates on a l l  the bound sta tes .  In order to 
make a comparison of our ion izat ion  cross-sections in th is  model 
problem, we deduce the ion izat ion  cross-section from the scatter ing  
information extracted by a d irec t  numerical solut ion of the two body 
Schroedinger equation.  Such a study was i n i t i a t e d  by Temkin*^. We 
obtain reasonable agreement between the two approaches. This work is 
f u l l y  described in chapter IV.
7
We also attack the f u l l  electron-hydrogen atom ion izat ion  
problem using a projection technique on pseudostates using an eleven-  
state  basis set *^ .  We f ind  the agreement with the experimental 
resul ts  very encouraging. Further calculat ions are required to 
remove the e f fects  of pseudoresonances in th is  problem. Our work on 
ion izat ion  in the f u l l  problem is reported in chapter V.
The object ive  of th is  work is to apply the pseudostate expansion 
method to the problem of electron-hydrogen atom scatter ing the in the 
intermediate energy range, to assess i t s  successes, to recognise the 
d i f f i c u l t i e s  and l im i ta t ions  associated with i t  and to explore new 
avenues to cure the d i f f i c u l t i e s .  A preliminary investigation  of 
determining scatter ing information by a d irec t  numerical in tegrat ion  
of the Schroedinger equation is also performed.
We draw our conclusions in chapter V I .
CHAPTER I I  
SURVEY OF PSEUDOSTATES
A. History and Physics of Pseudostates.
The pseudostate expansion method is an offshoot of the close- 
coupling expansion method, the foundations of which were la id  down in
o n
the pioneering work of Massey and Mohr . The close-coupling  
expansion method with the inclusion of exact low energy state
functions of the hydrogen atom was systematical ly applied in the low 
and intermediate energy range for electron-hydrogen atom scatter ing
P i
by Burke, Schey and Smith . Their  work c lear ly  demonstrated the 
inadequacies of pure coupled-state ca lcu lat ions .  The convergence by 
the inclusion of more exact functions is very slow and poor. This 
can be ascribed to two main features which are not accounted for by a 
few exact ta rge t  sta te  wave-functions in the expansion. One is the 
lack of adequate representat ion of short-range corre la t ions  in ,  say, 
ls-2s-2p expansion. Including more exact bound sta te  functions is
not expected to improve the s i tu a t io n .  This is due to the fact  that  
at short distances from the o r ig in ,  higher s and p type 
eigenfunctions behave s im i la r ly  to 2s and 2p. Another deficiency of 
only pure eigenstate expansion arises from the long-range 
polar iza t ion  e f fe c ts .  The 2p state of a hydrogen atom contributes  
6 6 % of the p o l a r i z a b i l i t y  and a l l  bound states combined can only
pp
account for 81% of the atomic p o l a r i z a b i l i t y  . This observation led
Burke and Schey^ 3 to suggest the inclusion of a p state  chosen
9
a r t i f i c i a l l y ,  but ju d ic ious ly ,  so as to f u l l y  account for the 
p o l a r i z a b i l i t y  of the atom. So th e i r  work already hinted towards 
something which l a t e r  on was termed as a pseudostate. Apart from 
th is  posi t ive  contr ibution,  th e i r  work exhib ited the existence of 
resonances below the f i r s t  excited s ta te .  This was the f i r s t  
theore t ica l  predict ion of a resonance in the electron-hydrogen 
scat ter i  ng.
There are two features of close-coupling approximation scheme 
which one would l i k e  to  re ta in  in any modified version of i t .  One is 
that  as long as a l l  the exact functions of hydrogen atom up to state  
n are included in the expansion, the resonances below the thresholds 
for  the sta te  n and the ones below w i l l  show up in the ca lcu la t ion .  
Another is that of a lower bound on the phase-shifts or the sum of 
eigenphases (tangents of eigenphases are the eigenvalues of the K- 
m atr ix ) .  Here again for  an incident energy E, i f  a l l  the exact 
states ly ing  below th is  energy (a l l  energetica l ly  open channels) are 
included in the expansion, then the results  of that expansion are 
better  which y ie l d  a higher sum of eigen-phases (only one phase s h i f t  
below the f i r s t  exc i ta t ion  threshold)10d. The second fea ture ,  though 
very useful at low energies, does not help at intermediate energies,  
espec ia l ly ,  where ion izat ion  is possible,  because that would enta i l  
the inclusion of an i n f i n i t e  number of exact states (bound and 
continuum)! For higher accuracy in the determination of resonance 
parameters and the cross-sections (or K-matrices),  one needs to  
simulate the e f fe c t  of a l l  the unincluded terms in some average 
manner.
Damburg and Karule proposed a p type function which completely
10
accounts for the dipole po lar iza t ion  potent ia l  by i t s e l f * ^ .  Using 
such a function in the close-coupling expansion scheme retains the 
two valuable features discussed in the previous paragraph. ’ Such a 
state  is termed a pseudostate. By th e i r  own admission, th is  function  
was inadequate in incorporating short-range in te rac t ions .  This 
pseudostate was used in a close-coupling approximation with exact Is  
and 2s functions by Burke,  Gal laher and Geltman^. The use of the 
pseudostate resulted into a considerably bet ter convergence in the 
phase-shifts below f i r s t  excited threshold.  Of course, in order to 
get an accurate descript ion of resonance, they had to include a 
function which was a l in ea r  combination of 2 p and 2 ff
Fol lowing the success of pseudostate calculat ions in the low
energy range, they were extended to intermediate energy range with
9 1much success, in the next decade . The po la r iza t ion  potential  
influences the cross-sections at low energies very strongly.  
However, at intermediate energy one may want to use a set of 
pseudostates incorporating more of the short-range e f fec ts  and 
s a c r i f i c in g  p o la r iz a b i 1 i t y  somewhat.
Due to the u n i t a r i t y  of the S-matrix (which is an a l te rn a t iv e  
way of describing the conservation of f l u x ) ,  omission of any strongly  
correlated channels in the pure close-coupling approximation results  
in the d is t r ib u t io n  of the f lu x  corresponding to those physical  
channels amongst open included channels, thereby enhancing cross-  
sections corresponding to some channels. I t  has been observed in 
pure close-coupling calculat ions that the exc i ta t ion  cross-sections  
are overestimated in comparison with the experiments. With the 
inclusion of pseudostates, when some of them are open channels,
11
there is an a l te rn a t iv e  path for scattered f lu x .  Although there are 
as yet no th e o re t ic a l ly  establ ished guidelines to indicate the manner 
in which the f lux  d is t r ibutes  amongst open channels, one may 
q u a l i t a t iv e ly  surmise the above to be the reason for much improved 
resul ts  with the inclusion of the open pseudochannels.
Despite numerous choices of the pseudostate expansions used in 
various calculat ions,  the o r ig in a l ly  proposed pseudostate by Damburg
OA
and Karule has been a subject of some analysis .  Fon, Burke and 
Kingston used a pseudostate expansion involving the exact Is  and a 
pseudostate T p  of Damburg and Karule^®. Since only exact I s  is  
included, one cannot expect accurate exc i ta t ion  cross-sections,  
nevertheless the power of the pseudostates is demonstrated by noting 
the excel lent  agreement between the calculated and the experimental  
e la s t ic  scatter ing d i f f e r e n t i a l  cross-sections in the low and 
intermediate energy range. Coul ter,  using an elaborate Green's
OQ
propagator approach, showed why the 2 p works as well as i t  does . 
The calculat ions of Fon e t .  a l . were fu r ther  scrutinised by Walters
o n  ___
in some de ta i l  . He indicates that the 2p pseudostate is de f ic ien t
in represesenting short-range corre la t ions  and ascribes i t s  success
to a Pauli exclusion p r inc ip le  argument which prevents the inadequacy
of short-range inte ractions from playing any v i t a l  ro le .  In any
case, one must bear in mind that i t  was only a two-state  close-
coupling approximation -  very convenient and inexpensive to handle on
present day computers.
The nature of the convergence of pseudostates is examined by 
1 9Burke and Mitchel l  . An extensive review of pseudostate close-  
coupling approximation using var ia t iona l  pr inc ip les  is given by
12
Callaway10d.
B . Resume of Theory
Since the theory of the close-coupling pseudostate approximation
p£ OC
is well-known ’ , i t s  b r ie f  resume is presented in order to set up
the notat ions,  the terminology and a glossary of formulas to be 
referred to l a t e r .  The symbols are as in Cal laway's a r t i c l e  .
We use atomic uni ts throughout th is  work. We consider the
J
system in which = $ = 2 m = 1 , where e is the e lectron ic  charge, trf 
is the Planck's constant and m is the mass of the e lectron .  The unit  
of length turns out to be the Bohr radius and the unit of energy is 
the ion izat ion  potentia l  of the hydrogen atom, v iz .  a Rydberg.
We represent the two electron wave-function of the 
system, as
in which the index r denotes the set of quantum numbers, the
subscript a designates the channel containing the incident wave, [ 1  +
( - 1 ) S Pjg]  is the antisymmetrizing operator, S is the to ta l  spin of
the system, Gja is the scatter ing function depending on the magnitude
of the coordinate of the second electron only and represents the
j
angular coordinates of electron 2 and the coordinates of electron 1
in the ta r g e t .  The scatter ing  function contains the behavior of an
electron is channel r.  when there is an incident wave in
J
channel r and obeys the usual boundary conditionsd
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l im G . ( r )  ~ r d ( I I -2)
l im rG . ( r )  ~ k . _1/2{6 s i n ( k . r  - - J -  ) + K cos ( k . r  - ~ f - ) ] ; k 2> o 
p+<x) J a  J J “  J c J d J
( I I . 3)
l im r G . ( r ) ~ e  ̂ ; ( k , 2< o)
n-w» J
( I I . 4)
Substi tu t ing equation (1) in the two-electron Schroedinger 
equation,  one obtains a set of coupled in te g r o -d i f f e r e n t i a l  equations 
for  the scatter ing  function (sometimes also referred to as Hartree-  
Fock equations).  These equations are solved by an algebraic
From the t ra n s i t io n  matrix one calculates the cross-sections in the 
usual way.
We consider a set of orthonormal functions,  Rp, which are 
approximate eigenfunctions of the hydrogen atom Hamiltonian.  One can 
construct the set of these orthonorrnal functions as a l inear  
combination of S la te r  type o r b i ta ls .
v ar ia t iona l  method as de ta i led by Cal laway*0d. The reactance matrix,
K, the t ra n s i t io n  matrix,  T, and the S-matrix are re la ted by
( I I . 5)
m
Rn (r )  = I c . n n . ( r )
j = l  J J
( I I . 6)
where
14
in , ( r )  = r J e x p [ - c , r ]
J J
( I I . 7)
Choosing m number of sets of n- and , one uniquely determines the
J j
expansion coef f ic ien ts  c i by requir ing that
J
/n Rn ( p) Rn.»( r ) r 2dr = 6 ■ ' o n  n ' '  nn ( I I . 8 )
and that
( I I . 9)
In order to include the lowest exact states of the hydrogen atom in 
the expansion, we need to incorporate the corresponding parameters nj
Rn( r )  w i l l  consist of exact states and pseudostates (the states other 
than exact) with t h e i r  associated eigenvalues (thresholds) at the 
energies En.
Since pseudostates are not exact states of the hydrogen atom, 
they can be projected over a l l  the bound states to determine the 
f ra c t ion  of bound s ta te  c o n t r ib u t io n ^ .  Let |nT> represent a 
pseudostate and |n£> a bound s ta te ,  both normalized to un i ty .  Then 
due to the conservation of p ro b a b i l i ty ,  we have
The f i r s t  term represents the frac t ion  of the pseudostate overlapping 
a l l  the bound s ta tes ,  whereas the second term is the continuum




I  |<n£|n£ > | 2 + £ dk| < n£|k£> | 2= 1 ( 1 1 . 1 0 )
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f rac t ion  of the pseudostate. The analy t ica l  evaluation of the matrix 
elements in the f i r s t  term is rather elementary (see appendix A) and 
owing to the fast  convergence of the sum, we calculate the continuum 
frac t ion  of the pseudostate as
"*cont = 1 '  I  l < ^ l n J l > | 2 ( n -n )
n=l
The exc i ta t ion  of a pseudostate carr ies  the information of the 
ion izat ion  cross section
^(E) = I Cl - I | <nT| n£>|2] a (E) (11.12)
n
where the ionizat ion contr ibution from a l l  pseudostates is summed 
over.
C* Problems Associated with Pseudostates
The foremost problem that  comes to mind is that of non­
uniqueness. As we are t ry ing  to incoporate diverse physical aspects 
(such as average descript ion of the complete spectrum of the hydrogen 
atom, accounting for p o l a r i z a b i l i t y  and short-range correlat ion  
e f fe c ts )  in the representat ion of pseudostates, i t  is a n o n - t r iv ia l  
task to come up with a resonable set ,  l e t  alone a unique set .  As a 
matter of f a c t ,  one has an i n f i n i t e  number of choices by choosing 
from d i f fe r e n t  S la te r  o rb i ta ls  with d i f fe re n t  ranges. Another 
pract ica l  and associated problem is that of completeness. Due to an 
upper l im i t  on the size of the computer memory, one can only include 
a f i n i t e  number of s ta tes.  To th is  author's knowledge, the maximum
16
number of states included in an actual pseudostate calculat ion for  
electron-hydrogen atom problem is e ig h te e n ^ .  Although, i t  is not 
possible to uniquely specify the pseudostate basis set ,  some guiding 
princip les may be used to make a judicious choice. This is discussed 
in a la te r  section E.
The other problem is that of pseudoresonances. Despite numerous 
computational successes achieved by pseudostate methods as described 
in section A, the problem of pseudoresonances is a serious one and 
deserves a t ten t io n .  As fa r  as the method is considered, i t  does not 
d i f f e r e n t i a t e  between actual exact states and pseudostates included 
in the expansion. This gives r ise  to unphysical resonances below the 
thresholds (energy eigenvalues in equation I I . 9) of pseudostates.  
The spurious effects  of these pseudoresonances resul t  in questionable 
and uncertain values of cross-sections in the v ic in i t y  of 
pseudothresholds. .  Since i t  is our intent ion in th is  work to 
establ ish how well one can deal with these pseudoresonances in order 
to ext ract meaningful resu l ts ,  we dwell on th is  issue in some deta i l  
in the next section.
D. Removal of Pseudosonances
Several methods have been proposed to deal with pseudoresonances
with varying degree of r e l i a b i l i t y .  One method is to form d i f fe re n t
pseudostate basis sets and use the one for which a pseudothreshold
does not occur in the co l l is io n  energy of in te r e s t .  Such a procedure
1 ^was f i r s t  adapted by Callaway e t .  a l .  . As w i l l  be clear from the 
results of th is  paper, some of the pseudoresonances can be broad. 
Needless to say that one can not judge how fa r  one has to go away
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from the pseudothreshold on the energy scale in order to re ly on the 
calculated values of the cross-section.
Another method is to make a f i t  to the K-matrix in terms of 
simple analy t ica l  functions.  The background contr ibution to the K- 
matrix may be expressed as a low order polynomial in energy and 
contribution due to resonances may be expressed as a l inear  
combination of the corresponding p o l e - s t r u c t u r e ^ .
( x)N , . C . .
K. . (E) = y D. . (E-E ) n + T r-^ - r -  (11.12)
’ J n=o 0 X
The location of a K-matrix pole can be determined d i re c t ly  from the
calculated values of K-matrix elements or the sum of eigenphases. A
l inear  least squares f i t  can be performed on the resu l t ing  ana ly t ica l
expression to obtain the coef f ic ients  in the expression. Since the
physical K-matrix is not expected to have a pole due to a
pseudoresonance, one removes i t  by se t t ing  the corresponding
coef f ic ien ts  in the pole structure to zero.  This method was
o r ig in a l ly  developed for  determining resonant enhancement in the
01
exc i ta t ion  of CIV by Callaway e t .  a l . and subsequently applied to  
remove the effects  of pseudoresonances in electron impact exc i ta t ion  
of ions by Abu Salbi and C a l la w ay^ .  Such a procedure may not work 
when a d is t in c t  pole in the K-matrix corresponding to a 
pseudoresonance can not be determined. This can occur when the 
threshold e f fec ts  d is to r t  the resonant s t ructure ,  thereby not 
allowing one to id e n t i fy  c lear ly  the parameters of the resonance.
The method adapted in th is  work is to make a l inear  least  
squares f i t  of t ra n s i t io n  amplitude in terms of a low order
18
polynomial in energy. Such a polynomial would not be capable of 
reproducing the rapid var ia t ion in the amplitude as a function of 
energy in the neighborhood of a pseudoresonance, hence smoothing i t  
in some average manner. Burke e t .  a l . ^  have applied th is  method to 
an a r t i f i c i a l  two-channel problem and to an exc i ta t ion  of Cl 11 by 
electron impact.
At a resonance, the cross-section varies very rapid ly  with 
energy as compared to the energies away from the resonance. Since 
the cross-section is obtained from the T-matrix  by
V E) = Tu ( E ) | 2  < n -13)
i
we expect the rapid var ia t ion  to or ig inate  from the corresponding 
t ra n s i t io n  matrix element T^ j .  As the resonance near the 
pseudothreshold is not physical,  we need to eradicate th is  vio lent
behavior in some average manner such that we can s t i l l  ext ract a 
meaningful resu l t  near the pseudothreshold. We achieve th is  by 
expressing the real and the imaginary parts of the T-matrix element 
as a low-order polynomial in energy, say
Re[T. . (E ) ]  = I  a Ek (11.14)
1J k=o K
for  small N and perform a l inear  least  square f i t  to obtain the 
coef f ic ien ts  in the polynomial. This polynomial is not capable of
reproducing the v io lent behavior as expected near a resonance and so
smoothes out the T-matirx element as a function of energy in an 
average manner. With th is  f i t t e d  T-matrix  component, we recalculate
19
the cross-section from eq. ( I I I . 13 ) .  The number of terms in the 
polynomial, N, is chosen to obtain a sat is factory  f i t  based on 
physical c r i t e r i a  such as the f i t s  merging with the raw data away 
from the resonance region and y ie ld in g  well-behaved cross-sections.  
The results  and the successes of this approach are demonstrated in 
the next chapter.
I t  may be noted at  th is  point that in some applicat ions,  the K-
15matrix f i t  may be more sui tab le  than the T-matrix f i t  . Especia l ly ,  
for  a narrow resonance where id e n t i f i c a t io n  and the iso la t ion  of a 
pole in the K-matrix is straight forward,  the K-matrix f i t  may produce 
at least as good a re su l t  as the T-matrix f i t  does. For broad 
resonances the behavior of the phase-shifts is s ig n i f ic a n t ly  modified 
due to threshold e f fe c ts ;  thus making i t  impossible to obtain the 
resonance posit ion and the width as energy independent parameters.  
For such pseudoresonances the p o s s ib i l i ty  of ext racting meaningful 
results  by K-matrix f i t  are sl im, i f  not non-existent,  without  
fu r ther  development in the method. One major di f ference between the 
T-matrix and K-matrix f i t  is that in the case of the T-matrix f i t  one 
only deals with one element T — which corresponds to the cross- 
section,  Q^j, of in te r e s t ;  whereas in the case of the K-matrix f i t ,  
a l l  the elements of the K-matrix have to be f i t  and poor f i t s  on a 
few of the elements may cause severe errors in the resu l t ing  cross-  
section.
E. Pr incip les  of Construction
F i r s t  of a l l ,  the requirement that equations ( I I . 8 ) and ( I I . 9) 





° i j  = C  11 i ^  nj ^  r2(lr
(11.18)
The matrix elements in the equations of the hamiltonian and the 
overlap are elementary to evaluate a n a ly t ic a l ly  (see appendix A).  
The simultaneous diagonalizat ion of the hamiltonian matrix and the 
overlap matrix is carr ied out on the computer to determine threshold 
energies and the coef f ic ien ts  of expansion in equation ( I I . 6 ) .
Apart from the above mechanical procedure, the art  is in 
choosing an appropriate set of parameters n.- and £ .  of equation
J J
( I I . 7 ) .  The range is decided by the value of 5 included. A number 
of c r i t e r i a  are suggested in the l i t e r a t u r e .  The key factors to keep 
in mind are the physical aspects important at a pa r t icu la r  energy -  
p o l a r i z a b i l i t y ,  short-range corre la t ion ,  e tc .  I f  calculat ions are to 
be performed at a p a r t ic u la r  energy only, i t  may help to choose a
basis set with a pseudothreshold to be fa r  away from that energy
value.  Of course, the inclusion of the physical states of in te res t
in the t rans i t io ns  should improve accuracy.
I t  i s ,  for example, necessary to reproduce exact p o l a r i z a b i l i t y  
at low energy in order to get accurate re su l ts .  Burke and Mitchel l
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have out l ined the pr inc iples of construction of pseudostates
32accounting for the f u l l  p o l a r i z a b i l i t y  of a many-electron atom .
Also one can experiment with the parameters to f ind the maximum 
eigenphase at an energy for which a l l  exact states below i t  are
1 O 1 O
included1 » .  Matese and Oberoi chose to optimize parameters such
tha t  the resu l t ing  ta rge t  atom wave-function can reproduce well-known
33propert ies ,  for example, the ground state energy of the H ion . 
Henry and Matese proposed to construct pseudostates so that the 
overlap with omitted eigenstates in the energy range of in te rs t  is
O A
optimized . Such a choice, they noted, minimizes the low energy 
exc i ta t ion  cross-section.  Although that is an empirical  observation,
i t  may be more general on the basis of the way the scattered f lux  is
d is t r ibuted  amongst various channels.
Some of these c r i t e r i a  are easy enough to attempt without an 
elaborate e f f o r t .  There are some suggestions in the l i t e r a t u r e  which 
require more analysis before one knows th e i r  usefulness.  Mittleman 
has suggested a var ia t iona l  approach making only the real part of the 
scat ter ing  amplitude s ta t ionary35. The resul t ing  equations form a 
non-l inear set .  In the var ia t ional  scheme proposed by Soukup, one 
has to work with in te g ro d i f fe re n t ia l  equations . Coulter recommends
OQ
a procedure based on a Green s function propagator whereas Walters
recommends a comparison with exact calculat ions done in the second 
30Born approximation .
CHAPTER I I I  
ELASTIC SCATTERING AND EXCITATION IN 
THE ELECTRON-HYDROGEN MODEL PROBLEM.
The physical model considered here is that of a hydrogen atom 
which has only s sta tes,  and where the to ta l  angular momentum of the 
c o l l is io n  is zero.  This is equivalent to replacing the actual
Coulomb in te rac t ion  between electrons,  e ^ / | r ^ -  r 2 | by the leading  
term in a mult ipole expansion of this quanti ty ,  e2 / r >5 (where r> is  
the greater of r^
and Much of the essential  physics of the real hydrogen atom, in
p a r t icu la r  the degeneracy of states of the same n but d i f f e re n t  £ , 
is discarded in th is  model, but there s t i l l  are an i n f i n i t e  number of 
discrete bound states and an ionizat ion continuum.
A. Schroedinger Equation for the Model Problem
The two electron Schroedinger equation in the f i e l d  of an
i n f i n i t e l y  heavy proton at the origin is
( .  V *  -  v i  +  » ( ? 1 , ? 2 ) - E  * ( ? ! .  ? 2 ) ( I I I . l )
where r ^  is the in te r -e le c t ro n ic  distance.  As is conventional ly
done, we expand the wave-function in terms of a complete set of 
orthonormal angular functions.
M
, r ? ) = I  R, , , ( r 1 , r 2 ) Y.J: (r ,  , r 2 )
1 c  L Z 2 L V 2  1 c  1 2  L c
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( I I I . 2)
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The angular functions Y are constructed from spherical  harmonics by
37the coupling of angular momenta via Clebsch Gordon c o e f f ic ie n ts . '
I I  | ^  A A
Mult ip ly ing the Schroedinger equation (111.1)  by Y p  ^ . ^ ( r - p ^ )  and 
in tegra t ing  over the two sol id angles, we get
/  VL.  ^  ( r p  r 2 ) [ H - E ] f ( r 1 , r 2 ) drx dr2= 0 ( I I I . 3)
Using the orthonormality of the angle-dependent Y functions,  we have
r _  L _  ( r 2 3 _ _ )  .  _ 1  L _  ( r 2 +
L r x 2 3r l  ( 1 3 r l  r 2 3 r 2 ( 2 3 r 2 } r ^
a ; ( * ; + i )  o o 
+ ___ _ _ _ _ _  E] SL, ! i A r 1 , r z )
= ~ 2 f YL'L£r £^rl» r 2̂  t E “x+1 px(cos012^1 £ A=o r v
M
£ Rl £ £ (r l» r 2̂  YI_L£ £ (pl» r 2̂  drl  dP2 (n i -4 )L £ £g L *1*2 T 2  1 * 1 c
1
where we have used the expansion o f   in terms of Legendre
r 1 2
polynomials P^.
In the monopole in te rac t io n ,  i . e .  A=0 term only,  the r igh t  hand 
side of ( I I I . 4) reduces to
2 R L '  £T Z '  ^ 1 *  r 2 )
---------------- -------------------------  ( I I I . 5)
r >
Considering to ta l  angular momentum of zero (L=0) and confining  
hydrogen atom to s states (£^=0 ) ,  by the conservation of angular
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momentum, the scattered electron is also confined to an s 
state  ( J ^ O ) .  Hence neglecting a l l  angular momentum from the problem 
and wr i t ing
4>(r, , r 9 )R(Pl. r 2 ,
we have a very simple two dimensional p a r t ia l  d i f f e r e n t i a l  equation,  
v iz .
( ~ A r  + A  + f -  + f *  -  f -  + E) <j>(r,, r 2 ) = 0  ( H I *6 )
9ro 1 2 > 13r l 2
This is the Schroedinger's equation of our model problem. Early  
investigat ions of numerical solut ion to the Schroedinger's equation 
were made by Temkin*^. An exact solut ion for scatter ing cross- 
sections for e la s t ic  case and exc ita t ions  to 2s and 3s are given by 
Poet*®9 . In chapter IV we use a method developed by Poet* ®* 3 to 
ext ract scatter ing information from a numerical solut ion of th is  
equation.
B . Method
We have considered four sets of functions in th is  work. The 
parameters n j ,  t, j ,  and the energies En are l is te d  in Table I I I .  1.  
We also include the continuum fractions  of the pseudostates deduced 
from equation (11.11) in the ta b le .  The sets are designated A,B,C,D 
and are discussed b r ie f l y  below. The f i r s t  three l is ted  contain f iv e  
functions; the fourth contains seven.
A l l  sets contain the three component functions required so that  
the exact Is  and 2 s hydrogen atom wave functions are produced in the
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TABLE I I I . 1
Basis Set A B
Conti nuum Conti nuum
j "j i En fract ion j "j En frac t ion
1 0 1 . 0 - 1 . 0 0 . 0 1 0 1 . 0 - 1 . 0 0 . 0
2 0 0.5 -0 .25 0 . 0 2 0 0.5 -0.25 0 . 0
3 1 0.5 -0.1092 0.0009 3 1 0.5 -0.0523 0.1697
4 0 0 . 8 0.0307 0.3814 4 1 1 . 0 0.6810 0.9344
5 1 0 . 2 1.7073 0.9209 5 0 1.5 6.2674 0.9706
C D
1 0 1 . 0 - 1 . 0 0 . 0 1 0 1 . 0 - 1 . 0 0 . 0
2 0 0.5 -0.25 0 . 0 2 0 0.5 -0.25 0 . 0
3 1 0.5 -0.1093 0 . 0 0 1 0 3 1 0.5 - 0 . 1 1 1 1 0 . 0
4 1 0 . 1 -0.0551 0 . 0 0 1 1 4 0 1/3 -0.0624 0.0003
5 0 0 . 1 0.4675 0.7256 5 1 1/3 -0.0172 0.1754
6 2 1/3 0.1959 0.9206
7 0 0 . 2 2.0396 0.9635
Table 111.1 .  Parameters and energies of the four basis sets used in 
th is  calculat ion along with th e i r  continuum f rac t ions .
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diagonal iza t ion .  Since our model is re s t r ic te d  to scatter ing within  
s-states only,  we make no e f f o r t  to account for 1 0 0 % p o l a r i z a b i l i t y .
A).  This set is the one used in some calculat ions  of electron
13hydrogen scat ter ing  . In addition to the functions mentioned, we 
add one long range function which enables an approximate description  
of the 3s -s ta te ,  and one medium range function,  which helps the set 
account for intermediate range p r o j e c t i l e - t a r g e t  electron  
co rre la t io n .
B ) .  This set is designed to permit a more accurate description  
of short range p r o je c t i l e - t a r g e t  electron co r re la t io n .  Two 
r e la t i v e l y  short range o rb i ta ls  are added to the functions mentioned 
in A. One of the resu l t ing  pseudo-states is rather high in the 
continuum ( 6  Ry).
C).  A rather  open set of pseudostates was considered in order 
to contrast the results  of emphasizing long range or short range 
c o r re la t io n .  Two long range o rb i ta ls  were added to the se t .  The 
pseudostate energies approximate those of 3s and 4s, and one is at a 
r e la t i v e l y  low continuum energy.
D) .  A set of functions including the exact 3s s ta te  was 
constructed.  This now requires spec i f icat ion  of s ix  component 
functions.  A seventh, rather long range function was added. This 
set of 7s type functions has also been used in previously reported
1 O
calculat ions  of electron-hydrogen scatter ing .
Thus, the basis sets considered are of rather d i f f e r e n t  
characters. A l l  of these sets have at least one pseudothreshold each 
in the intermediate energy range where the problem of e lectron-  
hydrogen scatter ing is d i f f i c u l t  to solve.  Comparison of the results
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using these bases with the exact results  enables us to estimate  
q u a l i t a t iv e ly  the importance of long range and short range
c orre la t ion .
The scatter ing calculat ions were performed using the algebraic  
var ia t ional  method which has been extensively described 
elsewhere**^.  Since there is no angular momentum in th is  model, the
calculat ions are simpler than in the f u l l  electron hydrogen
problem. We did not notice any serious convergence d i f f i c u l t i e s .
The pseudo-threshold structure that we encountered was 
surpr is ingly  complicated. We expected, perhaps na ively ,
straightforward resonance structure of the sort we had seen in 
previous calculat ions for ionic  systems.^ Instead, the structure is 
quite broad, and not easi ly  describable in terms of standard 
resonance theory.  Further ,  i t  turned out to be important to remove 
not only broad resonances but the thresholds as w e l l .  We found th is  
to be most e f f i c i e n t l y  accomplished using the T matrix averaging 
technique used by Burke e t .  a l . ^  In th is  procedure, a least  squares 
f i t  is made to the t ra n s i t io n  amplitudes for the physical channels 
using a low order polynomial in energy as described in section I I .  D.
Let Ti j ( E )  be an element of the T matrix for a t ra n s i t io n  
between channels i and channel j .  We represent th is  as
N
T . . ( E )  = E a Em , ( I I I .  7)
1J m=0 m
where the coef f ic ien ts  am are complex. Quadratic,  cubic, and quart ic  
expressions were used, and l inear  least square f i t s  were made to 
determine the coef f ic ien ts  am. In pract ice ,  i t  is convenient simply
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to f i t  the real and imaginary parts of separately .
There are of course, some obvious problems with th is  
procedure. I t  is not obvious, for example, exactly what should be 
the degree of the polynomial in E q ( I I I . 7 ) ,  nor over what range of 
energies T^j should be f i t .  In fa c t ,  we found that  in most cases, a 
cubic polynomial gave good resul ts ;  occasional ly a quart ic  expression 
appeared to  give better  resu l ts ,  more rare ly  quadratic was optimal.  
The best in te rnal  c r i t e r io n  we found to determine N was that the 
cross sections determined from the f i t s  should merge smoothly with  
those d i re c t ly  calculated at energies fa r  away from the pseudo­
threshold.  Also,  because the structure is qu i te  broad, i t  is  
necessary to extend the f i t s  over a rather large energy range, 
t y p ic a l l y  about 2 Ry.
In spi te  of the inev i tab ly  ad-hoc elements in th is  procedure, 
highly sat is fac tory  results  were obtained. We present these in the 
next section.
C. RESULTS
The model of electron-hydrogen scatter ing considered here i s ,  we 
bel ieve,  of considerable importance as a tes t  case for computational 
methods in atomic scatter ing theory.  I t  is simple enough so that  
calculat ions are not extremely time consuming, but yet  fa r  more 
r e a l i s t i c  than other models (the Huck model^® fo r  example) used for  
tes t  purposes, and some exact results are a va i lab le .  For th is  
reason, we have decided to present numerical results  in some d e t a i l ,  
in the hope they w i l l  be useful to others.
We have considered both s ingle t  and t r i p l e t  s ta tes .  Only the
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single t  s ta te  calculat ions showed appreciable pseudo-threshold 
structure so that T matrix f i t t i n g  was not employed for t r i p l e t  
sta tes .
Our results  w i l l  be compared with those of Poet16a ,b , who gives 
numerical values for the ls->-2 s exc i ta t ion in the s ing le t  state at a 
large number of energies and for the e la s t ic  (ls-*-ls) cross section,  
also for the s ing le t  s ta te ,  at a small number of points .  Only 
graphical data are given for other t r a n s i t io n s .
We present f i r s t  the results  for  the t r i p l e t  t ra n s i t io n s .  Cross 
sections for e la s t ic  scatter ing and the ls-*-2s, ls-*-3s, and 2s+3s 
t rans i t io ns  are given in Table I I I . 2 and are shown graphical ly in 
Fig.  I I I .  1. The spec i f ic  numbers are obtained from the seven state  
basis D but the resu lts  for e la s t ic  scat ter ing  and for  ls>2s 
exc i ta t ion  agree s a t is f a c t o r i l y  with these values. Our results  are 
indist inguishable  from those presented graphical ly in Ref. 16.
In contrast ,  the s ingle t  t ra ns i t io ns  show pronounced 
structure .  An example of th is  is presented in F ig .  I I I . 2, in which 
the ls-»-2s cross section as computed from basis set B is shown. The 
d i re c t ly  calculated cross section has a resonance l i k e  structure  
extending from the lowest energy plotted up to the pseudo-threshold 
at 1.68 Ry. The d i re c t ly  calculated results  agree reasonably well  
with the exact values above about 2.1 Ry. The real and imaginary 
parts of the T matrix,  normalized so that
. - I j  | T , . ( E ) | 2  ( I I I . 8 )
are shown in Figs.  I I I . 3 and I I I . 4.
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TABLE I I I .  2
lergy l s - l s l s - 2 s ls-3s 2s-3s
1 . 2 1 2.3005 0.0035 0.00024 0.134
1.44 1.8336 0.0048 0.00052 0 . 1 0 2
1.70 1.4607 0.0055 0.00076 0.073
2 . 0 0 1.1587 0.0058 0.00092 0.052
2.25 0.9750 0.0057 0.00098 0.041
2.50 0.8330 0.0056 0 . 0 0 1 0 1 0.033
3.00 0.6310 0.0051 0 . 0 0 1 0 0 0 . 0 2 2
3.50 0.4972 0.0046 0.00093 0.016
4.00 0.4037 0.0041 0.00084 0.013
O
Table I I I . 2. Cross sections ( in units of nag ) at selected
O
energies for some t rans it io ns  in the S scat tering  
s ta te .  The spin weighting factor  is included.
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3 .0
Is -  2 (x4 0 0 )
2.0
I s - 3 s  (x 2 0 0 0 )
C\J O
Is- Is
2 s - 3 s  (x 15)0.5
00
E(Ry)
Figure I I I . l .  Cross sections for e la s t ic  scattering  and for the  
Is  *  2s, Is  *  3s, and 2s *  3s tra n s it io n  in the
% s ta te  are shown as a function of incident  
energy in Rydbergs. The scale is as shown for  
e la s t ic  sca tter ing ; the cross sections for other 
t ra n s it io n s  have been m u lt ip l ied  by the factors  
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E(Ry)
Figure I I I . 2. Cross sections for the Is  •*■ 2s t ra n s it io n  in the
s ta te .  The short dashed curve, showing the 
pronounced pseudo threshold structure  is  the 
cross section d ire c t ly  calculated from basis B; 
the long dashed curve is the exact resu lt  of Ref 
16; and the so lid  curve is the resu lt  of the T 














0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
E(Ry)
Figure I I I . 3. Real part of the T matrix fo r the Is  2s 
t ra n s it io n  in the *S s ta te  fo r  basis B: Short
dashed curves, d ire c t ly  calculated values; so lid  
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E(Ry)
Figure I I I . 4. Imaginary part of the T matrix for the Is  -*■ 2s
(1S) t ra n s it io n .  Curves have the same
s ign if icance as in F ig . I I I . 3.
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A least squares f i t  was made to the real and imaginary parts  
of the T matrix element using a polynomial of 4 ^  degree in the 
energy. The so lid  l ines  in Figures I I I . 2, I I I . 3, and I I I . 4 show
the resu lts  of th is  f i t .  The resu lt ing  cross section agree very
well with the exact resu lts  of Ref. 16 over the e n t ire  energy 
range. The errors are of the order of 3%.
Corresponding resu lts  fo r the e la s t ic  ( l s - l s )  cross section 
are shown in F igs. I I I . 5, I I I . 6, and I I I . 7. Comparison of 
F i g . I I I . 5, with F i g . I I I . 2 shows tha t the pseudo threshold
structure  is  much less pronounced for e la s t ic  scattering  than for  
2s e x c i ta t io n .  The d ire c t ly  calculated cross section (basis B) is  
adequate (errors less than 5%) except w ithin an in terva l of about 
0.3 Ry. on each side of the pseudo resonance. In th is  case, a 
least squares f i t  was made to the T matrix element using a cubic 
polynomial. This f i t  is compared with the d ire c t ly  calculated  
elements in Figures I I I . 6 and I I I . 7. The cross section which 
resu lts  from the f i t  is indistinguishable  from the exact results  
of Poet on the scale of the graph.
We w i l l  not show the results  of the other bases for these 
t ra n s it io n s .  These resu lts  may be obtained from Table I I I . 3 which 
summarizes the resu lts  of the f i t t i n g  procedure as applied to the 
d if fe re n t  bases. Numerical resu lts  for cross sections are given
for a l l  bases at selected energies in Table I I I . 4. Exact values 
are included. An interested  reader may find the cross section at 
any other energy w ith in  the range considered (1.2 to 3.5 Ry) 
simply by using the c o e ff ic ie n ts  in Table I I I . 3 to  evaluate the 
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Figure I I I . 5. Cross sections for e la s t ic  scattering  in the
s ta te .  The curves have the same s ign if icance  as 
in F ig .  I I I . 2, however the exact (long dashed) 
curve is not shown as i t  is  ind istinguishable  
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Figure I I I . 6. Real part of the T matrix matrix element for
e la s t ic  scattering  in the *S s ta te .  The curves 
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111 .7. Imaginary part of the T matrix element for  
e la s t ic  s ca tter in g . The curves have the same 








TABLE I I I . 3
Element a0 al a2 a3 a4




































































































I I . 3. F i t t in g  Parameters for T -M atrix  Elements for  
t ra n s it io n s .
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TABLE I I I .  4
o ( l s - l s )
Energy A B C D Exact
1.21 0.2425a 0.2501, 0.2264 0.2423 0.2469
0.2495 0.2465 0.2458 0.2472
1.44 0.1990 0.1926 0.2138 0.1944 0.1944
0.1915 0.1967 0.1944 0.1940
1.70 0.1625 0.1724 0.1498 0.1570 0.1581
0.1533 0.1592 0.1581 0.1562
2.00 0.1182 0.1340 0.1303 0.1372 0.1314
0.1281 0.1305 0.1321 0.1289
2.25 0.1024 0.1131 0.1184 0.1133 0.1159
0.1151 0.1139 0.1178 0.1138
3.00 0.0839 0.0866 0.0916 0.1097
0.0888 0.0862 0.0916 0.0881
3.50 0.0711 0.0772 0.0774 0.0733
0.0676 0.0780 0.0772 0.0765
a ( Is -2s)
1.30 0.0340 0.0247 0.0334 0.0322 0.0323
0.0311 0.0311 0.0299 0.0344
1.70 0.0188 0.0149 0.0273 0.0228 0.0220
0.0201 0.0219 0.0215 0.0209
2.00 0.0212 0.0147 0.0176 0.0145 0.0168
0.0159 0.0163 0.0171 0.0159
2.50 0.0113 0.0123 0.0094 0.0143 0.0113
0.0115 0.0111 0.0101 0.0109
3.00 ' 0.0078 0.0083 0.0060 0.0038 0.0080
0.0077 0.0087 0.0057 0.0076
3.50 0.0063 0.0055 0.0043 0.0058
0.0042 0.0059 0.0048 0.0053
?
Table I I I . 4. Numerical values of cross section (units  ira ) foro
tra n s it io n s  according to d i f fe re n t  bases, and 
according to R e f.16 (exact)
a) numbers in the f i r s t  row are the resu lts  of 
pseudostate c a lc u la t io n .
b) numbers in the second row are corrected for  
pseudoresonances.
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beyond th is  range may be u n re l ia b le .
Comparison of the results  obtained from the four d i f fe re n t  bases 
leads to the following conclusions:
Rather sa t is fa c to ry  results  are obtained from a l l  bases a f te r  the 
pseudo threshold structue is removed as described above. In the case of 
e la s t ic  scattering  ( *S ) ,  at no incident energy (in  the range considered) 
does a q u a n ti ta t iv e  d iffe rence  between the corrected and exact cross 
section exceed 3%. This is ,  we be lieve, an important conclusion which 
tends to  give one confidence in the resu lt  of pseudostate calculations  
of e la s t ic  scattering  in the f u l l  e-H scattering  problem.
The 2s e xc ita t io n  cross sections are more basis set dependent. 
Three of the four bases (A, B, and D) y ie ld  highly s a t is fac to ry  
re s u lts .  The best results  are obtained with the shortest range basis B 
(a f te r  co rrec tio n ),  and the worst with the long range basis C. I t  
appears that in th is  model, i t  is most important to incorporate a 
description of short range p ro je c t i le - ta rg e t  e lectron c o rre la t io n .  In 
no case do the discrepancies between the present cross sections (using 
bases A, B, and D) a f te r  use of the T matrix f i t t i n g  procedure, d i f f e r  
from the exact values in the range 1 .2 -3 .5  Ry by more than 8%. The long 
range basis C, in contrast, produces larger error ( ~ 25%) toward the 
upper end of the range around 3 Ry. We are encouraged to hope tha t good 
results  fo r th is  t ra n s it io n  can also be obtained by s im ila r  procedures 
in the f u l l  sca ttering  problem.
We have also studied the ls+3s and 2s+3s tra n s it io n s  using the 
seven sta te  basis D. A few numerical resu lts  are given in Table
I I I . 5. A fter the T matrix f i t  we also find  a good agreement with Poet's  
results  (given only g ra p h ica lly ) .  Although our primary
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TABLE I I I .  5
Energy a  ( ls -3 s )  a ( 2s-3s)












Table I I I . 5. Cross sections for the Is  3s and 2s 3s tra n s it io n s  
(units  ffa0^) in the 1S state  as obtained from basis 
D: a) as calculated d i r e c t ly ,  b) as obtained from the 
T matrix f i t t i n g  procedure.
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in te res t  had been in the ca lcu lation  of e la s t ic  and exc ita t io n  cross 
sections in the energy range where ion iza t ion  is possible, i t  is also 
worth mentioning th a t the seven sta te  basis D is  able to reproduce the 
exact 2s e xc ita t io n  cross section between the n=2 and n=3 threshold  
(three s ig n if ic a n t  f ig u re s ) ;  including the single resonance at 0.8882 
R y .
Chapter IV
TOTAL CROSS-SECTIONS AND THE ESTIMATES OF THE IONIZATION 
CROSS-SECTION IN THE MODEL e-H PROBLEM.
In th is  chapter, we present results  on the calculations of to ta l  
cross-sections (e la s t ic  plus a l l  in e la s t ic  including io n iza t io n )  and our 
best estimates of the io n iza t io n  cross-sections in the model e-H problem 
in the intermediate energy range by two d i f fe re n t  methods. In both the 
methods we use, the basic idea is the fo llow ing . Since i t  is possible  
to  ca lcu la te  S m atrix or T matrix elements corresponding to  e la s t ic  
scattering  f a i r l y  r e l ia b ly ,  one can invoke the optical theorem to deduce 
the to ta l  sca tter ing  cross-section with high numerical accuracy. Now i t  
is  f a i r l y  well-known th a t the exc ita t io n  cross-section to  a bound 
excited s ta te  n from the ground s ta te  at any energy decreases as n 
increases. So most of the scattering  w ithin bound states comes from 
e la s t ic  sca tter in g  and exc ita tions  to 2s and 3s s ta tes . We are able to  
compute these three cross-sections w ith in  reasonable accuracy. With 
some judicious estimate of the exc ita t io n  cross-sections to  higher 
s ta tes , one can subtract the cross-section corresponding to  the  
sca tter ing  in to  a l l  the bound states from the accurately known to ta l  
cross-section to make an estimate of the io n iza t io n  cross-section. I t  
should be borne in mind that due to  subtractions of the leading  
s ig n if ic a n t  f ig u re s ,  the small inaccuracy (of the order of about one 
percent) in the to ta l  cross-section tran s la tes  in to  a s ig n if ic a n t  




In section A, we b r ie f ly  o u tl ine  the formalism to  extract  
scattering  information from the numerical solution of the two p a r t ic le
1 fih
Schroedinger equation presented o r ig in a l ly  by Poet . This is one 
approach we have adapted in our ca lcu la t io n s . We point out some 
deficiency of th is  approach in the extraction  of scattering  information  
from such a numerical solution on physical grounds, propose and present 
an a lte rn a t iv e  to  achieve be tte r  numerical s t a b i l i t y  in section B. We 
present our resu lts  for e la s t ic  sca tte r in g , cross-sections for  
e xc ita t io n  to 2s and 3s, our estimates for higher e x c i ta t io n ,  to ta l  
cross-section and estimates of ion iza t ion  values in section C. In 
section D we give our results  of the same scattering  information drawn 
from our very encouraging results  using a pseudostate expansion method 
presented in the previous chapter.
A. Extraction  of S cattering  Information from a Numerical Solution of 
the tw o -p a r t ic le  Schroedinger Equation.
We s ta r t  with the Schroedinger equation for the model from equation 
( I I I . 6 ) .
{^ 7 + ^ 7  + ^  + ^ ' ^ + E) * ( r i ' r z ) '  °  ( IV ' 1)
Since the two-electrons are id en tica l  fermions, depending on the 
spin symmetry, the coordinate wave-function must be e ith er  symmetric 
(s in g le t  spin) or antisymmetric ( t r i p l e t  spin) under the exchange of 
electron coordinates, i . e .
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^(r l  »r 2 ) = <f) ( r 2 »r i ) " s in g le t case ( I V . 2)
<t,( r 1 , r 2 ) = -<t>(r2 »r^) -  t r i p l e t  case.
This motivates us to solve the p a r t ic le  d i f f e r e n t ia l  equation in 
the shaded area shown in figure  I V . 1. For r^ 2. r 2» t *1e ecluatlon ( I V . 6) 
reduces to
2 2
(■—  + - + —  + E ) i |> ( r 1 , r 2 ) = 0 ( I V . 3)
arl  ar2 2
subject to  the boundary conditions
|p — = |p -w h e n  r^= r ^  ~ s in g le t  case ( I V . 3 . a)
<f>(r,r) = 0 - t r i p l e t  case ( I V . 3 . b)
<f>(o,r) = 0 ( I V . 3 . c)
4>(r,o) = 0 ( I V . 3 . d)
This equation has the advantage of being separable in the two 
coordinates. The major d i f f i c u l t y  is tha t the boundary conditions are 
non-separable.
We solve the p a r t ia l  d i f f e r e n t ia l  equation numerically upto a 
certain  radius R and match the solution with the asymptotic solution out 
th e re .  From the matching procedure, we extrac t the information about 
scattering  amplitude. Let us set up the notations. We represent the 
mesh size by h, the two indices on the wave-function <t>(i,j) ind ica te  the 
wave-function <|>(r^,r2 )with r^ = ih and r 2 = jh .  We define N by R=Nh.
I I I I  
j_ | j + | L J -J  
M  j LJ.J
I I J L-L J
2 3 i i + l N
Figure I V . 1. The configuration space of the tw o -p a r t ic le  rad ia l  
Schroedinger equation. The numerical solution is
developed in the lower h a lf  t r ia n g le .
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A numerical procedure generates a matrix D which connects the 
values of the wave-function on two successive grid lines (constant
The procedure is b as ica lly  a two-dimensional version of the Numerov 
in tegration  method for ordinary d i f f e r e n t ia l  equations and incorporates 
the symmetry properties of the wave-functions. Although the d e ta ils  of
appendix B fo r  the sake of completeness. In order to  minimize 
notational confusion, we use Poet's notations, wherever i t  is possible  
and advisable. We make the id e n t i f ic a t io n  that r^ = X and r 2 s Y.
In the external region (r^ > R), the two coordinate wave-function  
may be expanded in terms of a complete set of s -s ta te  hydrogen atom 
wave-functions.
where e runs over a l l  the bound states and implies an in teg ra t io n  on the 
continuous states of the hydrogen atom. The s -s ta te  equation for the 
hydrogen atom is
r i ) .
i+l
= I D ( j . j ' )  <j>(i+l,j ) ; 1 < j  < 1
r = i
( I V . 4)
the algorithm to  generate D are given by Poet^*3, we summarize them in
( I V . 5)
( I V . 6)
where e = -  ^  fo r  bound s ta tes . With equation ( I V . 6) substituted in
n
( I V . 3 ) ,  we have
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f92 A c i c '   ̂ n ( I V - 7 )(— ^  + E -  eJ Fe (f*! ) = 0
3rl
The scattering  function F, which is the solution of th is  equation, is 
c la s s if ie d  according to  i t s  physical s ta te .  An incident open channel is 
expressed as
Fe <r l )  a e " l k r i  ( I V ’8)
A scattered open channel is  given by
c i k r ,  ( i u  g)
FeS ( r 1 ) = e  1 U V ' y;
For an open channel = E -  e > 0. For a closed scattering  channel, we 
have
S ' Krl
Fe «rl> - e
where
E -  e = -  k2 < 0 ( I V . 10)
To describe the physical process of sca tte r in g , we expand the wave- 
function in terms of an incoming wave and a complete set of outgoing 
scattered waves in a l l  possible channels.
♦ ( r l . T 2 ) = F* (P l ) P ( r 2 ) -  I  C£ F ^ )  P£ ( r 2 ) ( IV < n )
I I e
The notation I  includes both a sum over bound states and an in tegra l
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over the continuum; the la t t e r  includes the closed continuum channels.
We note at th is  point that the c o e ff ic ie n ts  Ce are d ire c t ly  re la ted  to  
the S-matrix element corresponding to a t ra n s it io n  from state  Ej to  
s ta te  e. Next, we truncate the in f i n i t e  summation in the equation to a 
f i n i t e  s ize  (fo r  reasons discussed in the next sec tio n ).  This 
introduces the f i r s t  problem in th is  approach, that of a physically  
su itab le  sampling of s ta tes .
So replacing ( I V . 11) by a truncated set of m functions and 
substitu ting  in ( I V . 4) results  in the fo llowing set of equations for  
unknown co e ff ic ie n ts  C. .
With a D obtained from the numerical scheme as described in appendix B, 
we know a l l  the quan tit ies  on the r ig h t hand side of equation ( IV .1 3 ) .
With m less than N - l ,  equations ( I V . 12) is an overdetermined set of 
equations. The best estimates of the c o e ff ic ie n ts  are obtained by a 
l in e a r  least square procedure.
The scattering  cross-section to  a bound s ta te  n (normalized to  







( I V . 15)
where kj is  the j ^  channel momentum.
The to ta l  cross-section, according to  the optical theorem, is  given
by
B . Numerical and Physical Considerations
There are a number of numerical and physical parameters which are 
inputs to the problem and one hopes to f ind  a stable re su lt  over a 
var ia t io n  of these parameters. Apart from the numerical s t a b i l i t y ,  the 
judicious choice of these numerical parameters on physical grounds is  
important and a certa in  amount of freedom exists in the choice.
Let us survey the numerical parameters tha t are subject to  
v a r ia t io n .  F i r s t  of a l l ,  one has to choose an appropriate R value where 
the matching of in te rna l and external solutions is made. The expansion 
in equation ( IV .11) is  exact i f  an i n f i n i t e  number of states are 
included. In l ig h t  of th is  fa c t ,  in p r in c ip le ,  matching could be done 
fo r any R. In p rac t ice ,  however, we have a f i n i t e  number of functions 
and in order to  determine corresponding co e ff ic ie n ts  Cn, we must have 
more number of points where matching is performed e lim ina ting  the use of 
small R values. Secondly, as R becomes large , the contributions from 
the continuum closed channels becomes small. T h ird ly ,  for a large value 
of R, the orthogonalization procedure to be introduced in a few
t o t a l ' i (1 -  Re Sn )
( I V . 16)
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paragraphs is s u b stan t ia l ly  b e tte r .  On the other hand, a very large  
radius R w i l l  be inaccessible numerically accurately due to  build up of 
errors in the construction of matrix D. An associated parameter is the 
mesh size h. A very small mesh size results  in a large number of points 
and hence more storage and cpu time requirements. A large mesh size  
results  in a loss of numerical accuracy.
The other choices to be made resu lt  from the truncation of the 
expansion in equation ( I V . 11).  In order to incorporate as much of 
physics as possible without a s ig n if ic a n t  increase in computational 
labor and inaccuracies, one must investigate  how many bound sta tes , how 
many open and close coontinuum states one should include. At what 
energies in the spectrum should the continuum channels reside?
In order to determine exc ita tion  cross-sections to the 2s s ta te ,  
Poet had established some of these parameters . He observed that at 
incident energies above 1.2 rydbergs, the inclusion of more continuum 
states for a proper representation of the wave-function causes the 
matrix inversion process in the least square calculations to become i l l -  
conditioned. He suggested an e x p l ic i t  in te rpo la t ion  scheme for C£ in 
order to  a l le v ia te  the problem. He used the fo llowing in te rp o la t io n  
scheme over Legendre polynomials, e^.
C = C ; 1 <n<n, e n 1
N
C = 1° C? e?(e) ; ------*-<  e  < E
0 i= l  ( n j + l r
Ncc = I c9 e 0 (E)  ; E<e ( I V . 17)
0 i =1 1 1
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The use of th is  scheme introduces fu rth er  numerical parameters n^, 
Nq, Nc which become subject to v a r ia t io n .  We present the necessary 
modifications due to an in te rp o la t io n  scheme in appendix C.
Poet considered the radius of matching, R, at 12 and 20 atomic 
u n its .  The Is  and 2s states are f u l ly  confined with in  th is  radius but 
higher bound and continuum functions have not vanished near the r 1=r£ 
l in e  in figure  IV .1 . This implies tha t the functions are not mutually 
orthogonal to each other. This causes substantial l in ea r  dependence in 
the m atrix one needs to in vert  in the least square procedure. We 
propose to use functions which are orthogonal to  each other. We use the 
Schmidt orthogonalization procedure to build an orthonomal set extending 
out to radius, R, from a set of hydrogen atom functions which we know 
are orthogonal to each other over an in f in i t e  in te r v a l .  Instead of the 
m functions, P , choosen in the expansion, we use
i-1
Q ( r )  = N (P ( r )  -  I  <Q |P->Q ( r ) ]  ( I V . 18)
1 1 1  j = l  J 1 J
R ?
where <Q.|P.> = /  Q . ( r )  P ^ r )  r dr.
J 0 J
For R-**>, these overlap in teg ra ls  vanish and one re ta ins  pure hydrogen
s ta te s . We find  that th is  procedure improves the s t a b i l i t y
s ig n i f ic a n t ly .  For R“ 30, the Is ,2 s ,  and 3s bound state  functions are 
hardly modified, but higher bound sta te  and continuum functions are
s ig n if ic a n t ly  changed. The c o e ff ic ie n ts  C£ for these heavily modified 
functions then lose physical s ig n if icance . We can, thereby, avoid the 
optimal determination of parameters n^, NQ and Nc involved in the
e x p l ic i t  in te rp o la t io n  scheme. We present the d e ta i ls  of the
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orthogonalization procedure in appendix D.
We state  f iv e  c r i t e r i a  on the basis of which some judgement o n  the 
r e l i a b i l i t y  of the f in a l  resu lts  can be made. We also point out th e ir  
l im ita t io n s .  We can get some idea from the residue in the least square 
procedure. I f  the residue is large , ty p ic a l ly  larger than 
10"^, we can regard the resu lt  to be poor. Unfortunate ly , a small 
residue, say 10“6 or so, does not guarantee a good re s u lt ,  because in 
order to minimize the residue the least square procedure is l ik e ly  to  
s h i f t  the values of the c o e ff ic ien ts  s ig n if ic a n t ly .  The symmetry of the 
S-matrix is not b u i l t  in to  the scheme. So one can be guided by As =
1 fih
|S i2 -  $2 1 1 * Tliese two c r i t e r ia  were also noted by Poet . Next, one 
can check the u n i ta r i ty  of the S -m atrix . . Sometimes, the element 
corresponding to  a t ra n s it io n  to a higher s ta te ,  especially  to a 
continuum s ta te ,  may be quite  in c o rre c t.  The two other c r i t e r i a ,  
require a certa in  amount of judgement and experience with large number 
of data from such a c a lc u la t io n . One c r i te r io n  is obviously the
reasonableness of a cross-section value. The previous pseudostate 
calculations provide useful values for such estimates. The other is  
th a t of numerical s t a b i l i t y  over a wide v ar ia t io n  in the input
parameters. One has to be cautious. Omitting certain  physical aspects
consistently  in the input parameters may resu lt  in to  a stable resu lt
over a range of parameters and may yet be an overestimate or an 
underestimate.
Let us estab lish  the values of the various parameters which we have
used.
We experimented with a large number of input parameters to study 
th e ir  e f fe c ts .  In most ca lcu la t ions , inclusion of 5 to 8 bound states,
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a number of free  open channels evenly spaced between the ion ization  
threshold and the incident energy (the number increasing with increasing  
inc ident energy) and three closed free  channels were found to give
accurate results  considering the combination of c r i t e r ia  mentioned in 
the previous paragraph. T y p ic a l ly ,  we included four open free  channels 
at incident energy of 1.21 rydbergs and sixteen open channels in the 
continuum at 3.0  rydbergs. The radius of matching of 30 Bohr ra d ii  was 
adequate with a mesh size of h = 0 .2 .  The most time consuming part is 
the ca lcu la t ion  of D m atrix; with these parameters, approximately 13 
minutes of computer time on an IBM 3033 were required for each energy.
The expansion included in equation ( IV .11) is  not symmetric with
respect to the exchange of e lectrons. This choice of ours results  from 
the fac t th a t the function F ( ^  PE(r i )  is not a solution of the 
Schroedinger equation in the region of configuration space in which r^> 
r 2 « However, the algorithm used in the generation of the matrix D 
incorporates the proper symmetry of the wave-function. So i t  is  not 
appropriate to  use a symmetric expansion. Nevertheless, we considered 
two other expansions at low energy in our prelim inary studies of th is
problem where i t  is easier to obtain accurate re s u lts .  One was the
symmetric expansion, i . e .  we replace
FSx ( r i )  P£ ( r 2 ) "'n equation ( IV .11) by
Fx (r l )  pe ( r 2 ) ± FS ( r 2 ) ( IV .19)
The other was the use of the above symmetric expansion for bound state  
channels and replace the continuum channel terms by an a n a ly t ic a l ly
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developed solut ion for  two continuum electrons in a Coulomb f i e l d  by 
A l t ic k ^ 9, v iz .
i / k j  i i k2 r 2
r^ e e
i _  i . l ^ i  i f i - . L - i
i / k ,  i k , r 9 i k 9r,  r n k9 k . ro  vk.
± r 2 1 e 1 2 e 2 2 [— ^  1 2 ( IV .20 )
2 *| 2
4
We found that the numerical s t a b i l i t y  of the solutions was much better  
with a non-symmetric expansion as expected from the general arguments 
given previously.  E x p l ic i t  symmetrization is not appropriate.  There is 
an addit ional  c r i t ic is m  of A l t i c k 's  so lut ion .  I t  is  not an exact 
solution to the two-body Schroedinger equation with a monopole 
in te rac t ion  but represents only the leading term in the asymptotic 
solution.  A radius of 30 atomic units may not be large enough. So a l l  
the calculat ions  reported here are performed with a nonsymmetric 
expansion.
A straightforward calculat ion without an e x p l i c i t  in te rpo la t ion  
scheme (equation IV .20 )  or without orthogonalizat ion of the target wave- 
functions (equation I V . 21) gave absurd resu lts  for  incident energies 
above 1.21 rydbergs, especial ly  at small R. The use of the
in te rpo la t ion  proposed by Poet s ig n i f ic a n t l y  improved numerical
s t a b i l i t y  but the results  depended strongly on the number of Legendre
polynomials used in the expansion. Because of the ambiguity involved in 
the number of Legendre polynomials to be used in the in te rpo la t ion  
scheme, we preferred to use the orthogonalized ta rge t  wave-functions.  
As can be seen in the next section,  we obtained results  for the 
exc i ta t ion  to the 2s and 3s states of the same type of accuracy that
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Poet obtained fo r  exc i ta t ion  to  2s s ta te  using an in terpolat ion  
scheme1615.
C. Results and Discussion
We present in Table I V . 1 the calculated imaginary part of T-matrix
elements for  e la s t ic  scatter ing process at a representat ive  set of
incident energies in the intermediate range. We use these to calculate
the to t a l  cross-section using the optical  theorem. We present our
resu lts  on the e la s t ic  sca tter ing cross-sections and compare them with
the exact results of Poet in Table I V . 2. We also include in the same
table  our results  for the exc i ta t ion  to the 2s and the 3s sta tes.  The
1 fiaexact results  for 3s are estimated from f igure  5 of Poet since he 
does not provide numerical values. The dif ferences from the exact 
results  in cross-sections of e la s t ic  scatter ing are less than 1.7%, of 
exc i ta t ion  to 2s are less than 2% and of exc i ta t ion  to 3s are within
10%. The results  of the to ta l  cross-section are given in Table I V . 3
along with results  from pseudostate calculat ions (discussed in the next 
section).
Next we estimate the ionizat ion cross-section for th is  model. We 
do th is  by subtracting from the to ta l  cross-sections,  the scattering  
cross-section of a l l  the bound states,  i . e .

























I V .1 .  Imaginary part of T ^  at selected energies by d i f fe re n t  
methods for scatter ing.  The entr ies  in columns A,B,C,  
and D are calculated using respective pseudostate basis 
sets.  The entr ies in the last  column are calculated from 
the numerical solut ion of the Schroedinger equation.
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TABLE IV. 2
Energy Present Exact Present Exact Present Exact
als-*-ls CTls-»-ls °ls>2s °ls-»-2s als->-3s °ls->3s
1.00 0.3280 0.3300 0.0407 0.0415 0.0069 0.0072
1.21 0.2441 0.2469 0.0348 0.0354 0.0084 0.0080
1.44 0.1929 0.1944 0.0280 0.0283 0.0071 0.0072
1.70 0.1569 0.1581 0.0217 0.0220 0.0056 0.0056
2.00 0.1302 0.1314 0.0168 0.0168 0.0047 0.0043
2.25 0.1153 0.1159 0.0135 0.0137 0.0036 0.0037
2.50 0.1023 0.1040 0.0114 0.0113 0.0030
3.00 0.0858 0.0870 0.0081 0.0080 0.0021
4.00 0.0651 0.0045 0.0011
2
Table I V . 2 Cross-sections (ira ) for the lowest three t rans i t io ns  ino
the ■'■S scatter ing  from the numerical so lut ion.  The exact 
values of Poet (Ref. 16a) are also included.
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TABLE IV.  3
Energy A B C D Numerical
1.00 0.3792
1.21 0.3069 0.3017 0.2986 0.3024 0.3002
1.44 0.2480 0.2531 0.2460 0.2525 0.2488
1.70 0.2059 0.2131 0.2063 0.2118 0.2090
2.00 0.1750 0.1794 0.1755 0.1778 0.1771
2.25 0.1579 0.1580 0.1573 0.1567 0.1584
2.50 0.1437 0.1411 0.1432 0.1403 0.1420
3.00
4.00
0.1211 0.1170 0.1221 0.1179 0.1176
0.0870
Table I V . 3. Total  cross-section (units of ifaQ) for  S scatter ing .
A,B,C and D designate respective pseudostate basis
sets.  Numerical entr ies are found from a solut ion to
the Schroedinger equation.
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We have already calculated o^o t » ° i >i *  a\+ 2  anc* ai-»-3* ^ 1S ^eaves us
with the problem of est imation of the sum of the exc i ta t ion cross-  
sections to higher bound states.  We solve i t  in the fol lowing  
approximate manner.
3Q
The wave-function for the hydrogen atom in s-states is given by ^
Rno( r )  = “ §72- e"r /n  F ( ‘  n+1’ 2 ’ 7 T ] ( I V ' 22)n '
This leads to a dependence of the exc i ta t ion  cross-section on n as
~ ^ 2  in the Born approximation when n is large ,  
n
Therefore
I  ox = 27 0 ^ 3  I  3 = 1.08 a1+3 ( I V . 23)
n=4 n=4 n
Since we obtained the c o e f f ic ien t  1.08 in the Born approximation, i ts  
v a l id i t y  is l imited to high energy. However, i t  suggests that a 
reasonable approximation is to introduce a fa c to r ,  f ,  such that
I  -  f  °x+3 d V .2 4 )
n=4
This factor  must be a function of the incident energy. I f  we assume 
that  f  is monotonic we can estimate i t s  range, the upper l im i t  being 
1 .0 8 .  From our calculat ions at incident energy of 1.0 rydberg, since no 
ionizat ion is possible,  we can estimate
£ al-m " 0to t  '  aU l  “ aU 2  ‘  al+3  n=4
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£ °l-*-n = ° to t  '  °1+1 ‘  a l + 2  " °l-*-3 n=4
We obtain
I ai + n = 0 -0 °28  
n=4 1 n
Substi tu t ion of the sum from n=4 to ~ and in equation ( I V . 24)
provides us with an approximate f  value of 0 .4 .
Assuming that f  is a monotonic function of energy ranging between 
0.4  and 1 .08 ,  the ion izat ion  cross-section is bounded in the range 
between and
< Oj < (IV.25. a)
with
°L " “to t  ° l+ 3  • ( IV .2 5 .b )
°H " “t o t  ' “ l » l  ~“l+2 " ° H 3  " ° -4 “l+3  ( IV .25 .C )
We can in te rp o la te  f  roughly between these values using the 
fo l lowing argument: The cross-section for the exc i ta t ion of the n'th s
s ta te  from the Is  s ta te  can be expected to depend on the incident energy 
E, as
W r - p r - p r *  -  (IV-26>
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The f i r s t  term, an, is  correctly  given by the Born approximation. So
order.  I t  fol lows from th is  that the function f  departs from the Born 
value by terms of the same order in energy.
t
This est imate is used to define an in te rpolated  ion izat ion  cross- 
section:
We use the two values of f ,  v iz .  0 .4  and 1 .08,  in equation 
( I V . 25 ) .  The two curves are shown in f igure  I V . 2 as the boundaries of 
the shaded region.  The bounds are with in about 5% of each other above 
E=3 Ry. We indicate  the most probable value by a curve in between the 
shaded region as our best estimate of the ion izat ion  cross-section using 
equation ( I V . 2 5 . d ) .  Numerical values are given in Table I V . 4 at 
representat ive values of the incident energy.
Let us assign a reasonable amount of uncertainty to our ionizat ion  
cross-section values. The uncertainty arises in three ways. F i r s t l y ,  
although our to ta l  cross-section values are very accurate,  we assign a 
maximum uncertainty of 1% to i t  based on the
2
the correction to the Born value depends on E as 1/E to leading
v ( I V . 27 .a)
E2
Using fg = 1.08 and f  = 0.4 at E = 1.0^ we .get
( IV .27 .b )
Q . — CJ, . —(J. .  — 0 ,  A —0 ,  A) —f o ,  AI to t  l + l  1+2 1+3 1+3 ( IV .2 5 .d )
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2Figure I V . 2. Ion izat ion  cross-section (Trao) in the s ing le t  scatter ing  
sta te  by numerical solut ion of the Schroedinger equation 
(equations I V . 25) .  The dashed curve is the resul t  of a 
pseudostate calculat ion using a seven state  basis set .
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TABLE IV. 4
Energy °L ° I
1.00 ------ 0.0 ------
1.10 ------ 0.0040 0.0031
1.21 0.0033 0.0090 0.0071
1.44 0.0132 0.0180 0.0155
1.70 0.0187 0.0225 0.0200
2.00 0.0203 0.0234 0.0210
2.25 0.0221 0.0245 0.0226
2.50 0.0221 0.0244 0.0224
3.00 0.0193 0.0207 0.0195
4.00 0.Q147 0.0155 0.0148
2 1Table IV .  4. Ionizat ion cross-sections ( in units of ira ) for  •LS stateso
using equations ( I V . 2 5 .a) -  ( IV .2 5 .d ) .
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s t a b i l i t y  of our converged re su l ts .  Secondly, our scatter ing cross-  
sections to the lower states are uncertain as indicated before and 
t h i r d l y  the range of factor  f  introduces fur ther  uncerta inty .  With 
these factors in mind, we consider our estimates to uncertain by about 
16% above incident enrgy of 1.44 Ry. The uncertainty is much higher 
at lower energies. But at energies above 3.0 Ry, i t  seems to be 
with in  5%.
D. Results and Discussion using a Pseudostate Approach.
We use the results  of the previous chapter to determine s im i lar  
scatter ing information presented in the las t  section using a 
pseudostate approach for the purpose of comparison.
F i r s t l y ,  we present in Table I V . 1 the imaginary part of T ^  f ° r 
a l l  the four basis sets from Table I I I . 3. The S-matrix elements are 
re la ted  to the T-matrix  elements by the re la t ion
S. . = 6. . + 2i T.  . ( I V . 28)
1J iJ v '
The graphical comparison ( f igure  I V . 3) of the to ta l  cross-sections  
presented in Table I V . 3 shows an excel lent agreement between the  
results  by the two methods.
We remark that the conservation of scatter ing f lux  is s a t is f ie d  
in our pseudostate ca lcu lat ions .  This is re f lec ted  in the fact  that  
in each and every c a lcu la t ion ,  the optical  theorem was completely 
s a t is f ie d ,  i . e .  the to ta l  cross-section deduced from Im T ^  was equal 
to  the sum of the cross-sections corresponding to a l l  the open 
channels.
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Figure I V . 3. The t o t a l  cross-section (ira ) obtained from the 
numerical in tegrat ion  of the two dimensional 
Schroedinger equation is shown as a sol id  l i n e .  The 
resu l t  obtained from a seven sta te  pseudostate 





We estimate the exc i ta t ion  cross-section to a l l  the bound states
by project ing out of the pseudostate cross-sections as described below
equation (11 .10 ) .  Let b be the bound state  f rac t ion  of the
n
pseudostate n. Then we have
o . . .  = a, . + o, 9 + b a  + b a + b a + ...........to ta l  1+1 1+2 3 1+3 4 5 u 5
+ (1-b ) a  + a ( l - b  ) a + ( l -b _ )  a  + .........  ( I V . 29)
3 1+3 4 1+4 5 1+5
Of course, the cross-sections for closed channels at a given incident  
energy w i l l  be zero. The f i r s t  f iv e  terms in the f i r s t  l ine  on the 
r ig h t  hand side represent scatter ing to a l l  the bound states and the 
three terms on the second l ine  represent io n iza t io n .  At any single  
incident energy, the ion izat ion  cross-section calculated d i rec t ly  from 
the las t  three terms (equivalently  equation 11.12) or by using 
equation ( I V . 29) to  determine i t  w i l l  be id e n t ic a l .  But when energy 
smoothing of cross-sections is performed by a T-matrix f i t t i n g  
procedure, the calculat ions done in the above two d i f fe re n t  ways are 
not id e n t ic a l .
We calcu la te  the ion izat ion  cross-section by using equation
(11 .12 ) .  But these are plagued by pseudoresonances because the 
exc i ta t ion  cross-sections suf fer from them. So next, we do a T-matrix  
f i t  of the pseudoresonances for the pseudostate excita t ions  and 
calculate  the ion iza t ion  corss-sections again using equation











Figure I V . 4. Ion izat ion  cross-section (nao) in the S case by
pseudostate calculat ion for basis set B using a
projection technique. Short dashed curve exhib its  
the pseudoresonance. In the long dashed curve i t  
is removed by a quart ic f i t  and in the sol id curve,
we invoked the optical  theorem.
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B. One immediately notices that at the opening of a pseudochannel 
the ion izat ion  cross-section r ises suddenly. This deficiency  
resu lts  from the fact  that a small number of  pseudostates are 
used.
The t h i r d  approach which is motivated by the adjustment of 
f lux  in d i f fe r e n t  channels makes use of the optical  theorem in 
equation ( I V . 29) .  Here, the to ta l  cross-sections and the cross-
sections for scatter ing to a l l  the bound states are calculated
from the T-matrix  averaging procedure. For t o t a l ,  e la s t ic  and 
exc i ta t ion  cross-sections to real states,  we use the results  
presented in the previous chapter.  The open pseudochannel cross-  
sections are smoothed over the pseudoresonances by a T-matrix
f i t t i n g  procedure. The resul t ing  ionizat ion cross-sections for  
basis set B are presented in f igures.  I V . 5. The curves using th is  
approach are the most well-behaved physical ly .  The cross-sections  
by the three approaches merge with each other in energy regions
fa r  away from pseudoresonances as expected. The resul t  of such a 
calculat ion is shown for the seven state basis set in f igure  I V . 2.
Since the t r i p l e t  spin state  exhib its  no pseudoresonances, i t  
is r e la t i v e ly  straightforward to calculate  the ion izat ion  cross-  
section using equation (11 .12 ) .  Although we expect the ion izat ion  
cross-sections to be f a i r l y  small,  we present them for a l l  four 
basis sets in f igure  I V . 5 and l i s t  numerical values in Table 
I V . 5. I t  may be observed that the ionizat ion cross-sections are 
higher fo r  basis sets C and D for which more pseudochannels are 
open. The Pauli exclusion pr inc ip le  does not allow the two 
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2 3Figure I V . 5. Ion iza t ion  cross-sections (^aQ) fo r  S fo r  the 
pseudostate basis sets -  A(dots) ,  B(long dashes), 
C(short dashes) and D(sol id curve).
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TABLE IV. 5
Energy A B C D
1.1 0 .2090 ( -4 ) 0 .1442( -6 ) 0 .1248( -5 )
1.3 0.8149 0.8855( -4 ) 0 .5668(-6) 0 .3567) -4 )
1.7 0 .4598( -3 ) 0 .3380( -3 ) 0 .2218( -3 ) 0 .3201( -3 )
2.0 0 .8093( -3 ) 0 .6694(-3) 0 .6568(-3) 0 .7880( -3 )
2.5 0 .1 1 8 4 ( -2 ) 0 .1 2 0 9 ( - 2 ) 0 .1500( -2 ) 0 .1705( -2 )
3.0 0 .1417( -2 ) 0 .1666(-2 ) 0 .2173(-2) 0 .2230( -2 )
3.5 0 .1669( -2 ) 0 .2015( -2 ) 0 .2 6 0 5 ( -2 ) 0 .2 4 2 9 ( - 2 )
2
Table I V . 5. Cross sections ( in units of ira0 ) at selected energies for
•3
ion iza t ion  in the S scatter ing state  for the basis sets 
A,B,C and D. The number in the parenthesis denotes the 



























Table I V . 6. The to ta l  and e la s t ic  scatter ing cross-sections ( in units  
2 Tof iraQ) fo r  S by pseudostate ca lcu la t ion .
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the wave-function is s ig n i f ica n t  only near the x and y axes in 
f igure  I V . 1. This results  into the fact  that most scatter ing  
occurs in the e la s t ic  channel. This is c lear ly  demonstrated by 
the results we present in Table I V . 6 for the to ta l  
cross-section (obtained by the optical  theorem) and the e la s t ic  
scatter ing cross-section.  The results  for the to ta l  cross-section  
are almost ident ica l  ( to 5 parts in 10,000) for a l l  the four basis 
sets.  We present the very smooth curve of to ta l  cross-section as 
a function of incident energy in f igure  I V . 6.
A comparison of the results  for ionizat ion by projection  
technique as compared to the results  from the numerical solut ion  
of the Schroedinger equation of the previous section indicates the 
fol lowing.  The pseudostate projection technique for the basis 
sets used underestimates the cross-sections. This indicates that  
the basis sets are fa r  from being complete and that there are very
few channels to drain away f lux  corresponding to io n iza t io n .  On
the same basis we explain why ion izat ion  cross-sections are higher
for the basis sets C and D than for A and B. C and D basis sets
have more open pseudochannels in the intermediate energy range. 
Best results for ionizat ion with f iv e  state bases are obtained 
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2 3Figure I V . 6. Total  scatter ing cross-sections U a 0) for S from 
pseudostate ca lcu la t ion .
Chapter V
IONIZATION CROSS-SECTIONS OF THE FULL ELECTRON HYDROGEN PROBLEM.
In th is  chapter we report the ion izat ion  cross-sections for  the
real problem at incident energies upto 4 rydbergs. The projection
technique (equation 11.12) has been employed to deduce the cross-
13sections from a previous pseudostate calculat ion .
We note tha t  Eq. (1 1 .1 2 )  suffers from the defect that i f  a 
pseudostate has a threshold below the ion izat ion  energy, a non-zero 
ion izat ion  cross section w i l l  be obtained at too low an energy. In 
fa c t ,  we can not expect equation (11.12) to be useful close to the 
ion izat ion  threshold. However, we shal l see in the present work that  
the contr ibution to ion izat ion  from pseudostates with energies lower 
than the ion izat ion  energy is quite small,  so that the error from th is  
source is essent ia l ly  n e g l ig ib le .
The present resu lts  are based on an eleven state calculat ion of 
electron-hydrogen scatter ing which included four exact states ( I s ,  2s, 
2p, 3d) and seven pseudostates (3 s - l i k e ,  3-p,  and 1 -d ) .  The
parameters of these states are given in Table V . l  along with the 
projection of the pseudostates on the continuum. In order to avoid 
the problem of pseudoresonances, d i f fe re n t  basis sets were used. The 
standard basis set was used at a l l  incident energies where the work is 
reported with the fol lowing exception. The threshold for the highest 
p state  of the standard set is at 2.24 rydbergs. So at incident  
















































































A major problem arises from the l im i t a t io n  of the pseudostate 
results to small values of the to ta l  angular momentum, 0<L<3. In 
order to include some contribution from states of L>3, we have simply 
taken the results  of Burke and Taylor4®, in terpolated where necessary,  
for such angular momenta. The Burke and Taylor ca lculat ion uses a 
three sta te  close coupling expansion to represent the i n i t i a l  s ta te ,  
and Coulomb waves for  the f in a l  s ta te .
The calculated ion izat ion  cross section is given numerically in 
Table V.2 and shown graphical ly in F i g . V . l  together with the 
experimental results  obtained from graphs given by McGowan and 
Clarke41 and by F i te  and Brackman4^. The calculated values are 
somewhat lower than the experimental ones, but the overal l  agreement 
is rather decent, considering the s impl ic ity  of the approximations 
employed. The Burke and Taylor results  overestimate the ionizat ion  
cross section somewhat. I f  i t  is assumed that th is  is true  for a l l  of 
t h e i r  p a r t ia l  wave components, i t  becomes clear tha t  the projection  
method used here tends to underestimate io n iza t ion .  This conclusion 
agrees with that of Gal laher1 ®3 .
The computed resu lts  are averages of those obtained from the Kohn
p
and Inverse Kohn var ia t iona l  methods except for one point (k = 
1 .4 4 ) .  Except in th is  one case, the overal l  agreement between the
O
results of the two methods is with in 4%. However, for k = 1 .44 ,  the
Kohn method gives anomalous results  for L=2, and we have eliminated
2
those values.  The peculiar  var ia t ion  in the computed results  at k =
1.96 and 2.25 appears not to be an a r t i f a c t  of the var ia t iona l  
procedures but results  instead from the fact  th a t ,  as explained in











Figure V . l .  Ionizat ion cross-section ( i ^ ) .  The points shown are the 
calculated values. The sol id l in e  represents the 
measurements of McGowan and Clarke (Reference 41) and the 
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Table V.2.  Ionizat ion cross sections (units ita ).o
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bases at these energies.  Obviously, our results  do depend to some 
extent on the pseudostate basis chosen. The rate at which the results  
w i l l  converge to the actual ion izat ion  cross-section as the 
pseudostate basis is expanded is d i f f i c u l t  to est imate. I t  i s ,  
however, rather encouraging that r e la t i v e l y  small bases do seem to  
give a reasonable degree of agreement with experiment.
In comparison with the experiment re su l ts ,  the pure close-  
coupling calculat ions of Burke and Taylor are overestimates.  We 
believe that  a rigorous pseudostate close-coupling calculat ions is a 
l i k e ly  candidate for improving the calculated resu l ts .  With a 
pseudostate basis set which is almost complete, one expects to obtain 
a good estimate from the projection technique as w e l l .  I t  is hoped 
that  the techniques developed in the previous chapters when applied to 
the ion iza t ion  in the f u l l  problem w i l l  enable a s ig n i f ica n t  
improvement in the calculated cross-sections.
Since the cross-sections calculated in the close-coupling  
approximation with pseudostates are expected to get closer to the 
experimental results  from above, and the ones calculated from the 
project ion technique over pseudostate exc i ta t ions to approach from 
below, one has a good tes t  on the extent of completeness of the 
pseudostate basis set .  Although i t  is impossible to use a complete 
basis set in a r e a l i s t i c  calcu lat ion ,  a basis set w i l l  be almost 
complete (adequate descript ion fo the ta rge t  s ta te )  i f  i t  provides 
similar  resu lts  by the two approaches.
CHAPTER V I.
CONCLUSIONS
We have shown that  d i f fe re n t  sets of pseudostate bases are 
capable of giving qu i te  sat is factory  cross sections for e la s t ic  
scatter ing and for the exc i ta t ion  of the 2s and 3s sta tes,  in a 
s im pl i f ied  model of electron-hydrogen atom interactions  for which 
exact results  are known. Differences of results  due to d i f fe re n t  
choices of pseudostates, while not zero,  need not be large i f  the 
pseudostates are chosen in reasonable ways. Best results  for the 
model considered are obtained by selecting r e la t i v e ly  short-range  
pseudostates. In order to obtain s ig n i f ica n t  resu l ts ,  i t  is necessary 
to remove physical ly meaningless structure associated with pseudostate 
thresholds. This can be accomplished by making a l inear  least  squares 
f i t  to elements of the T matrices using a low-order polynomial in 
energy.
We have deduced accurate to ta l  cross-sections and reasonably 
accurate estimates of the ionizat ion cross-sections in the e lectron-  
hydrogen model problem by extraction of S-matrices from a numerical 
solution of the tw o-par t ic le  Schroedinger equation.  The numerical 
s t a b i l i t y  of the problem is found to improve s ig n i f ic a n t ly  by the use 
of orthogonalized wave-functions.  The natural solution of the two- 
dimensional p a r t ia l  d i f f e r e n t i a l  equation for r^> ^  occurs as a non- 
symmetric expansion of basis functions.  Enforcing symmetrization 
a r t i f i c i a l l y  on th is  expansion introduces a term which is not a 
solution of the d i f f e r e n t i a l  equations. The symmetrization (or a n t i -
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symmetrization) procedure so widely accepted in forming many-particle  
wave-function from products of s in g le -p a r t ic le  wave-functions is only 
an approximation which may not always give an adequate descript ion of 
the actual many body configurat ion space wave funct ion.
Pseudostate close-coupling calculat ions  in the model problem 
y ie ld  quite  good values for the to ta l  cross section.  This implies 
that  pseudostates can describe ion izat ion  adequately i f  the
contribution from exc i ta t ion  of higher bound states can be properly 
determined and subtracted.  The project ion technique does th is
imperfectly ,  and leads to an underestimate of io n iza t ion .  The 
pr incipal  reason for th is  is the incompleteness of the pseudostate 
basis.  The other reason is borne out very c lear ly  in our t r i p l e t  
sta te  ion izat ion  results  which do not have pseudoresonances. The 
pseudostate expansions which have more open pseudochannels provide 
higher ion izat ion  cross-section.  We have obtained accurate to ta l  
cross-sections from the pseudostate calculat ions.
The scatter ing calculat ions in the t r i p l e t  spin state  demonstrate
the physical implicat ions of the underlying Pauli exclusion 
p r in c ip le .  The two electrons do not get close to each other ra d ia l ly  
to have strong in te rac t io n ,  with the resu l t  that  the e la s t ic  
scatter ing  strongly dominates over exc i ta t ion  and ion izat ion  
processes, especial ly  at low energies.
We have calculated the ion izat ion  cross-section in the real  
electron-hydrogen problem where a projection technique has been used 
in conjunction with a var ia t iona l  pseudostate ca lcu la t ion .  The 
agreement with the experimental results is very encouraging. We 
recommend fur ther  calculat ions to remove the e f fects  of
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pseudoresonances in th is  problem. Again as in the case of model 
problem, we f ind the projection technique to give underestimates.
In summary, we f ind  the pseudostate close-coupling expansion 
method to be useful for scatter ing calculat ions in the intermediate  
energy range. We bel ieve that with the techniques developed here,  
higher accuracies w i l l  be a t ta inab le  in the f u l l  electron-hydrogen  
scatter ing  problem. We are encouraged by comparison with the 
scatter ing information obtained from a numerical solut ion of the 
Schroedinger equation.  However, fu r ther  work is c er ta in ly  required.
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APPENDIX A
EVALUATION OF INTEGRALS REQUIRED IN CHAPTER I I  
There are two kinds of in tegrals  required in chapter I I .
F i r s t l y ,  we need to know the projection of a pseudostate over any 
arb i t ra ry  bound sta te  in order to determine the bound and the
continuum frac t ion  of i t .  This has i t s  applicat ion in equation
(11 .11 ) .  Secondly, we need to evaluate the hamiltonian and overlap 
matrix elements over the S la te r  type o rb i ta ls  as prescribed in
equations (11.17) and (11 .18 ) .
A. 1. Evaluation of <nT|n£>
The pseudostate |nT> is represented as a l inear  combination of 
the S la te r  type o rb i ta ls  as in equation (11 .16 ) .
m n . - 5  .r
R ( r )  = I  C. r J e J ( A . l )
n£ j = l  J
The radia l  wave-function for the bound states of the hydrogen
39atom is given by
* „ . < '>  -  -  %  1/2 • '  " < V  C i 1 < r >
n [ ( n M )  ! ]  " n+*  n
where L“ are general ized Laguerre polynomials.
P
Let  °n£ = '  h ^  (A- 3)





«Hn*> ■ b i  ” r"j e'5Jr . -V "  ( f f  x L « «  <£)
j = l  J 0 
(A .4)
The integral  in the equation (A .4) can be evaluated by using a
43standard integral  given by Gradshteyn and Ryzhik .
/  e"st  t B L“ ( t )  dt = S' 6_1 F <‘ P- 6+1> ?>
(A .5)
With the choice of
t  « £ .L n*
s = 7  ( V  n} ’
3 = i+n . + 2 ,
J
a = 2% + 1 and
p = n+£, (A .6)
we have
<nT|n£> = Dn£ ^  C. -̂ 4 ^ - s-3 '  1 F ( -p ,  3+1, a+1, ±-)
J" (A .7)
Since the parameter p is an in teger ,  the hyper geometric function  
reduces to a polynomial
A. 2. Evaluation of H i j  and O i j .
The Slate r  type o rb i ta l  is
n. -? . r
ni ( r ) = r e (A.8)
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The hamiltonian matrix element is
Hi j  = I  " i f )  [ -  <rZdF) r 2dr
as given by equation (11 .17 ) .
A f ter  d i f f e r e n t i a t i o n ,  we have
-  (ni + n . )  - ( 5 , + c J r
H . .  = - n . ( n . +  l ) / r  J e J dr 
ij J J 0
» (n,+ n.+ 1) - ( ? ,+  c . ) r
+ 2 (n.+ 1 )? .  /  r  J e J dr
J J 0
00 (n. + n .+ 1) - (?•  + C • )r  .
-  2 J r 1 J e 1 J dr
0
? » (n,+ n.+ 2) - ( ? .+  c . ) r
-  • /  r 1 J e 1 J dr1 JJ 0
“  (n.+ n . )  - ( ? >  ? . ) r
+ £(£+1) /  r J e J dr
o
The overlap matrix element is  
00
° i j  “  ̂ di  (r ) n j ( r )  r dr
„ J r(V V 2) e-(V 5j)rdr
The in tegra ls  in equations (A.10) and (A.11) can 
evaluated by using the integral




be t r i v i a l l y
(A .12)
APPENDIX B
ALGORITHM FOR MATRIX D
The matrix D, introduced in equation ( I V . 4 ) ,  embodies the 
numerical in tegrat ion scheme of the p a r t ia l  d i f f e r e n t i a l  equation ( IV .  
1) of the model including the boundary conditions and the wave- 
function symmetry.
We present here an algorithm to generate the matrix D, mostly
1 fL
fol lowing the analysis and the notations of Poet for the sake of 
completeness. We f i l l  in some of the de ta i ls  not presented in his 
paper.
B 1. Numerous Difference Scheme at a General Po in t .
Figure B .1 displays a two-dimensional grid with points label led  
for i d e n t i f i c a t io n .
We rewri te  the Schroedinger equation ( I V . 1) as
Then at any general point ,  the Numerov di f fe rence scheme is given by
Near the x-axis (y=o),  the Numerov di f ference scheme is modified to 
(due to Coulomb s in g u la r i ty )
3x 3y
( B . l )
2
where w (x ,y ) = — + E (B.2)
4 8 . 2  4 8
q ~ 4 y <i>.+ y d>.+ 7tt fioo o i+ io  y o). + y ok ) = o
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i - 1 , j + l ( 6 )
i - 1 ,  j  (3)
i , 0+1(2) i + 1 , 0+1(5)
i , j ( o )
1+19j (1)
i - 1 , 0 -1 (7 )  i ,  j - l ( 4 )  i + 1 , 0 -1 (8 )
Figure B . l .  A two-dimensional gr id with gr id-points  lab e l led ,  
fo r  id e n t i f i c a t io n .
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( -720 + 732h -  160h2 ) * + (144 -  42h -  16h2 )(<t.1 + 4>3
+ 144 -  66h -  10h2 ) <J>2+ (36-21 h-h2 ) ( * 5+4»g)
+ (15O-8Oh)0Q + (1 5 -8h) (01+ 03 )
+ (15 -  lOh) 02 + ( |  -  h) (05 + 0g ) = 0
where 
© = h2 («o -  ~  ♦)
Near the orig in  (x=o, y=o),  i t  is 
-16(270 -  549h + 336h2-  64h3 )4>o + 4(216 -  162h -  21h2 
+ 4(54 -  63h + 15h2 + 2h3 ) <j>5 + 4(225 -  240h + 64h2 ) x
+ 2(45 -  54h + 16h2 ) (Xl + x2 ) + (9 -  12h + 4h2 ) x5=0
where
X = h2 [«o -  ( |  + 1 ) * ]
(B.3)
(B .4 )




Using equations (B .3 ) - (B .6 )  and the symmetry conditions 
(equations I V . 2 and I V . 3) we wr i te  equations connecting adjoining  
points on the grid for  the s ing le t  case which are not given by
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Near or ig in  ( i = l ,  j = l ) ,  we have
1̂ <)>i i  + 2Cg <)>̂ 1 + c4 *2 2 8 (® • ^ )
Near the x -ax is ,  for i=2 ,  j  =1, we have
b2 *1,1 + ^bl  + b5  ̂ *2 ,1  + b3 *2 ,2  + b2 *3,1 + b4 *3 ,2  = 0 B̂ *8 ^
Near the x -ax is ,  for i >2, j = l ,  we have
b2 * i -1 ,1  + b4 * i - 1 ,2  + bl  * i ,1 + b3 * i ,2 + b2 * i + l , l  + b4 *1+1,2 = 0 
(B.9)
On the x=y l in e ,  for i = j ,  we have
a,-. <t. . . , + 2 a . . cb. . . + a. . <b. . 6j M - l . j - l  4j * i , j - l  l j
+ 2 3c- <t> ■ • i + 2a0 . • + 3r . <j> •, i - . i  = 0 (B.10)6j  Ti + l , j - l  2j Ti + l , j  5j Yi + l , j + l  v '
For the points just  below the x=y l in e ,  i . e .  for i = j + l ,  we have
a6j * i - l , j - 1  + a2j * 1 - 1 , j  + a4j * i , j - l
+ (a. . + a ) 4>. . + a0 . <|>. . . + ac . . ■l j  Ti , j  3j Ti , j + 1  6j M + l , j - l
+ a0 . <J>. , ,  . + a,-. <f>. , .  = 0 (B .11)2j  yi + l , j  5j M + l ,  j+1 v
At a l l  other points,  we have
a6j * i - l , j - 1  + a2j * i - l , j  + a5j * i - l , j + l
The coef f ic ien ts  in equations (B .7 ) - (B .12 )  are given by
/I , 1 0  . 2 r 2 , n
a2j " 4 + TS h ItTT E'
« , 1 0  . 2  r 2  .
a3j = 4 + w  h thCFTT
_ /, . 1 0  J . r 2 ,
a4j -  4 + 24 h t h O - lT
a 5 j  = 1 + I ?  t h U + l T  + E”
a 6 j  = 1 + 1 4  t" h fj“- lT  +  E”
a7j = 1 + 2 *  + E“
b j  = - 7 2 0  + 732h  -  1 6 0 h 2 •





b3 = 144 -  66h -  10h2 + Eh2 (15-10h)
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b4 = 36 -  21 h -  h2 + E h2 ( |  -  h) (B .23)
b5 = 36 -  21 h -  h2 + h2 ( | -  h) ( i - +  E) (B .24)
cx = -  16(270-549h + 336h2-  64h3+ 4h2 (225 -  240h + 64h2 )(E -  | )
(B .25)
c2 = 4(216 -  162h -  21 h2 + 24 h3) + 2h2 (45 -  54h + 16h2) (E- i )
(B .26)
c4 = 4(54 -  63h + 15h2 + 2h3 ) + h2 (9 -  12h + 4h2 ) (E -  i )  (B.27)
B .2 Reduction of Equations
With the equations for the di f ference scheme f u l l y  developed, we 
can now determine the matrix D to integrate  the Schroedinger equation 
in the lower ha l f  t r i a n g le  of f igure  I V . 1 .  We w r i te  equations (B .7 ) -  
(B.12) in the fol lowing general form.
i -1  i
I  M i , j , j " )  i + I  B ( i t j , j ' )  a.
j ' = l  j " = l  1,J
i+1
+ I  C ( i , j , j ' )  (i  +1, ) = 0 fo r  l_<j_<i and l<i<_N-l (B.28)  
j ' = l
Next we w r i te  an equation connecting adjoining v er t ic a l  l ines in 
f i  gure B .1
i+1
.■ = I  D ( i . j . j ' )  ‘t’ i+i  (B.29)
1 * J  j * * = l  *




D(1’ 1 > r )  = -  f o r  r  881,2
(B . 31)
Substi tut ion of (B.29) in to  (B.28) for gives
1 *1 9 J
(B .32)
where
So each is generated from D̂ _-  ̂ by i t e r a t io n .  This allows us to 
drop the index and w r i te  the equation ( I V . 4) from equation (B.29)
Some comments on computational aspects are in order.  A,B, and C 
also need a two-dimensional storage requirement l i k e  D contrary to  
what the notations in d ica te .  Also A,B and C are tr id iagonal  
matrices.  The summations in equation (B.33) accumulate fast  and may 
resu l t  in an overflow. Since equation (B.28) is homogeneous, we can 
divide matrix elements of A,B and C by a constant without a change in 
the formalism and avoid an overflow. We used the constant to be 20. 
The matrix inversion of B of order ( i x i )  is performed on the computer 
fo r  equation (B .32).  This is the most time consuming step in the 
computation and i t  needs to be repeated for each value of i .  This 
gives a time of order ( i  )4 to obtain D^, s ta r t in g  from the o r ig in ,  
whereas many other n o n - i te ra t ive  approaches would require times of the 
order ( i ) 6 #
APPENDIX C
INTERPOLATION SCHEME
In section IV.B we introduce an in terpo lat ion  scheme in equations 
I V . 17. The use of  th is  in terpo lat ion  scheme results  in the 
modif icat ion of equations ( I V . 13) and ( I V . 14) from which the 
coef f ic ien ts  Cx are determined.
Let us rewr i te  equation ( I V . 12) as
Let us consider n̂  number of coef f ic ie n ts  e x p l i c i t l y  and 
in terpo late  the others over the energy as suggested in e q . ( I V . 1 7 ) ,  
i .e .
Legendre polynomials included in the expansion. For the energy
( C. l )
where
UA(x ,y )  = FxS(x) Px (y) (C.2)
; 1 < n < n1 (C .3 )
Ce = E A|< e|<(e ) ’ for  e >
1 (C.4)
k=l
Here e ^ e )  is  Legendre polynomial of k1-*1 order and ^  is  the number of
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values e one has to transform the range from the lowest to the highest 
energy (for  functions included) to one between -1 and +1. The lowest 
function ( v i z .  n=l) is never below the energy of - 1 .0 ,  so we can 
safely  choose -1 .0  as the lower l i m i t .  We can transform the l im i t  of 
-1 .0  < e < b to -1 .0  < + < 1.0  by the transformation
_ 2e-b+1.0 c,
t - t c t  (c*5)
Substitut ion of (C .3 ) ,  (C.4) and (C.5) in ( C . l )  gives
ni n9 ̂ 1 2 m
4>(x,y) = U j (x ,y )  -  I  CA UA(x,y)  ■ [  Ak j  Pk ( t )  U£ (x ,y )
X k=l n, +1
(C.6) 1
From equation ( I V . 4) we have
N
<t>(N-l»j  ) = I  D ( j . j ' )  ♦ ( N . r )  (C .7)
j ' = l
Substi tu t ing (C.6) into (C.7) and rearranging we have 
N
-UT ( N - l , j )  + I  D ( j , r )  U ( N , j )
1 j ' = l
nl  N
= I  c  [ I  D ( j , r )  U ( N , r )  -  U ( N - l , j ) -  
x=i A r= i  A A
n2 m N
+ I  \ [  I e , ( t )  { I  D ( j . j ' )  U ( N , r )  -  U ( N - l , j ) } «  
k=l X=n, +1 K r = i  A A
(C.81
Let us define a new vector d combining and values and define new
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symbols as below.
for 1 < A <
(C .9 )
fo r  n^+ 1 < x < n^+
(C.10)
m N
= t I  eX-n ( t )  t 2 D ( j ’ r )  UU(N» J ^  -  UU(N- 1 . J ) } “ ^ n . + l  1 j '= l
1 (C.12)
for n^+ 1 < X < n^+ r \2
Now we can rewrite  equation (C.8) as
This equation being s im i la r  to equation ( I V . 13) can be solved 
for d  ̂ in the same way. The use of equations (C.9) and (C.4)  would 
give us the value of o r ig ina l  is in equation ( C . l ) .
Here we s p l i t  the range of in te rpo la t ion  over two segments. An 




In section IV.B we describe how orthogonalizat ion procedure is 
helpful  in achieving numerical s t a b i l i t y  in the process of the 
extraction of the scatter ing information from the numerical solut ion  
of a tw o -p a r t ic le  Schroedinger equation. We present the d e ta i ls  of 
the orthogonalizat ion procedure here. We have a set of non-orthogonal 
but l in ea r ly  independent functions P^. We want to construct a l inear  
combination of P̂  functions such that set of functions formed are 
orthonormal.
We s ta r t  with equation ( I V . 18) which is basic to the Schmidt 
orthogonalizat ion procedure.
i -1
Q ( r )  = N [P ( r )  -  I  <Q.|P,> Q . ( r )»
j  =1
( D . l )
where
<Qi lpi > = /  Q - j ( r )  P A r )  r dr
J 1 n J 1
( D . 2 )
N.: is the normalization factor for the i th orthonormal function
Qj . I t  is easy to ver i fy  from equation ( D . l )  that
(D.3)
Let us w r i te
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V  j j  %  p ;  ■  \  [ p k  -  £  B k j  p f  < D - 4 >
where Mkk = Nk and
Mkj = ' Nk Bkj for J < k ( ° - 5 )
Let
°kk = <pk' v  <°-6 >
Comparison of (D.4) with (D.2) suggests that
k-1 k-1 k-1 i 1T1
I Bk . P . =  I <Qi |Pk>Qi = I I I Mu 0 * k Mi i Pi (D.7)
j = l  KJ J i = i  1 K 1 i = i  e=l j = l  1J 3
Or one can give the expression for the matrix B to be
Bki ■ $  ° j k  X  n«  (D- 8)
where G is the greater of i or j .
The normalization constant Nk can be determined by subst i tu t ing  
(D.4) in (D.3) and rearranging.
\  - ( v - 2 kf  ° n + k' l  kf  Bkf Bk)t-"1/2 <D-9>kk A  kj  kj  A  z L= l kj j£
From equations (D .5 ) ,  (D.8) and (D.9)  one can generate the matrix  
M recurs ive ly .  The use of matrix M in equation (D.4) gives us the set 
of orthonormal functions Qk from a l in e a r ly  independent but non- 
orthogonal set of functions Pi*
105
For R, the upper range of in tegra t ion ,  going to <*>, the overlap 
in tegrals  over hydrogenic wave-functions in equation (D.6) reduce to a 
constant times Kronecker de l ta .  The constant w i l l  be unity for  
normalized bound sta te  hydrogen wave-functions and d i f f e r e n t  than 
unity i f  at least one of the functions represents a continuum sta te .  
With a Kronecker delta for Oj^, the r igh t  hand side of equation (D.8)  
reduces to zero and so eq. (D.5) s im pl i f ies  to just  one term.
The overlap in tegra ls  in (D.6) were found by a numerical 
in tegrat ion using Gauss-Legendre quadrature over 192 points.
106
VITA
Dipakkumar Harshadrai Oza was born on July 20, 1954 in Poona, 
Maharashtra, Ind ia .  He attended the Sainik School at Jamnagar. He
graduated the A l l - I n d i a  Higher Secondary Examination, ranking f i r s t  
n at iona l ly ,  in 1970 and was awarded the National Merit Scholarship 
which he held during the years 1971-76.  He completed his Bachelor of 
Science in 1974 from the Maharaja Sayaj irao University of Baroda and 
obtained his Master of Science degree in 1976 from the Indian
In s t i t u t e  of Technology, Bombay. In 1976, he joined the Louisiana 
State Univers ity  at Baton Rouge for his doctoral program. With his
growing in te res t  in the f ie ld s  of atomic physics and the applications
of the computers in the modern society he earned a Masters degree in 
with spec ia l iza t ion  in Atomic Physics in 1982 and is expecting one in
the System Science in August 1983. He is a member of the American
Physical Society since 1978. He is now a candidate for the degree of
Doctor of Philosophy in the Department of Physics and Astronomy at
Louisiana State Univers i ty .
He was married to Abha Shanti Kothari in 1979 and presently has a 
one year old daughter named Rachana.
Candidate: 
Major Field: 
T itle  of Thesis:
Date of Examination:
E X A M IN A T IO N  A N D  THESIS R EPO R T
Dipakkumar Harshadrai Oza 
Physics
Scattering of  Electrons by Hydrogen Atoms
Approved:
ajor Professor and Chairma
Dean of the Graduate school
EXA M ININ G  CO M M ITTEE.
July 8,-1983.
